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Abstract The variable coefficient KdV system is
investigated for nonclassical symmetries using com-
patibility method, and more general symmetries are
reported. Several inequivalent reductions are obtained
using optimal system of subalgebras, and using well-
known methodologies, several traveling wave solutions
are also obtained for every reduction.
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1 Introduction

The inheriting nonlinear character of any physical phe-
nomenon can be better understood by mean of non-
linear partial differential equations. Rich variety of
powerful methods have been proposed for exact solu-
tions, such as tanh method [1,2], F-expansion method
[3,4], Jacobi elliptic method [5,6] and Hirota’s bilinear
method [7-10]. Analysis of partial differential equa-
tions using Lie group method is one of the most rigorous
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ways of exploiting symmetry properties of PDEs [11—
16]. There exist several other methodologies for sym-
metry analysis of PDEs such as nonclassical method
of Bluman [17-20] and direct method of Clarkson
[21,22]. Apart from symmetry methods, there are sev-
eral other tools available to analyze PDEs for ana-
lytical solutions [23-30], and beside analytical tech-
niques, some numerical schemes for solving PDEs are
also available [31-33]. Recently, Yan and Liu [34] pro-
posed new method known as compatibility method for
exploiting nonclassical symmetries of PDEs by estab-
lishing compatibility condition between original PDE
and corresponding modified invariant surface condi-
tion. In present work, we propose to explore symme-
tries of following variable coefficient KdV system

u; +ay () uuy + ax(t) vux +az Ouyxx = 0,

(1)
v + b1 (1) vuy + ba(t) uvy + b3(H)vexx = 0,

using compatibility method. The KdV system (1) can
be derived from original KdV equation by use of trans-
formation u(x,t) — u(x,t) +iv(x,t) and separat-
ing the real and imaginary parts. The KdV system (1)
has been investigated by Lei et al. [35] for periodic
solutions. Wronskian and multi-soliton solutions are
constructed using Hirota’s bilinear method [36]. Using
Fréchet derivative, Singh and Gupta [37] have exploited
its variable coefficient version for Lie symmetries. The
coefficient version of system (1) has many forms that
have been discussed in the literature, for example,
Nutku—Oguz model [38], Fuchssteiner equation [39],
Drinfeld—Sokolov model [40] and Hirota—Satsuma sys-
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tem [41]. In addition to this, the constants coefficient
version of system (1) has been derived as particular
case of general coupled KdV system derived from the
two-layer model of the atmospheric dynamical systems
[42] and two-component Bose—Einstein condensates
[43]. Even though in past, the KdV system (1) and its
various constant coefficient version have been analyzed
for Lie symmetries, we believe that using compatibility
method we can recover some more general symmetries
(or nonclassical symmetries in formal manner). The
outline of this paper is as follows. Section 2 deals with
derivation of symmetries using compatibility method.
In Sect. 3, several reductions for KdV system (1) are
obtained and many traveling wave solutions for these
reductions using well-known methodologies are also
presented, and finally, in Sect. 4 we offered conclusion.

2 Symmetries of KdV system (1)

In present work, our main aim is to obtain nonclassical
symmetries of the KAV system (1) using compatibility
method as described in Refs. [34,44]. Therefore, we

seek nonclassical symmetry in the form
up =rx, Dux +s1(x,Hu+ pi(x, 1),

2
v =r(x, vy +s20x, 1) v+ palx, 1),

where r(x,t), s1(x,t), s2(x, 1), p1(x,¢) and pi(x,t)
are unknown functions that need to be determined. In
order to obtain compatibility condition, we substitute
(2) into (1) and results read as

ayuy + axvvy +ruy +usy + azuyex + p1 =0,
(3a)

bouvy + bivuy +rvy + vsy + b3vyyy + p2 =0,
(3b)

and thus highest order derivatives terms in (3) are u
and v,,y; below this order, no elimination could be
carried. Similarly, equality of u;, and v,; between (1)
and (2) gives
aluuy + aﬁuux + var vy + aévvx +ajusuy
+ axvi vy +ruy + IASi + azUyxxr + retx + S1U;
+aéuxxx + p/l =0, (4a)
bauvyy + bhuvy + bivuy, + bivuy + bruyv,
+ bous vy + 1oy 4 vsh + b3vgxr + r'vx + s20;
+b/3vxxx + Pé =0, (4b)
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where ./ = %. Eliminating u;, vy, txs, Uxr, Uxxx, Uxxxs
Uyyxt and vy, from (4) with the help of (2) and (3),
we arrive at determining equations

akpi
p2 = Os Six = Os $2x = 07 Ixx = 07 pll - 23
- 3”xl71 +azpixxx = 0,
asa aks
ah — B% + 2a2s0 — 2asry — s1a2 =0,  s1; — il
as as
ahr
—3rys1 +aipix = 0, r— ;_3 +aip1
—3rr, =0,
biby b.b>
b/l -3 + bys; —2biry =0, b/z— 3 + bosq
b3 b3
biso
—2byry =0, 21 — o 3rys2 + pixbr =0,
/ ’ U
3r A ]
ry ——— —=3rry +byp1 =0, a; — —2ayry
b3 as
+ays; =0, @)

and solving the determining Eqs.(5), we get

a3 (c1x 4¢3 [ay dt + c4)

r=—
3¢y fa3 dt +
c3as
1=
p 3¢y fag dr + ¢
¢5d3 Ced3
S1 =

- _361fa3dt+6‘2’
(6)

_3C1fa3,dl‘+C27

where c; (i = 1...6) arearbitrary integration constants
and a3 remains arbitrary function of z. The coefficient
functions ay, az, by, by and b3 are governed by follow-
ing constraints

'ai aé_ i 261 — C5 1

4 S 45 |-
a1 a3 ] a | 3c1 [azdt + ¢ |

[a),  ab] [2 —2¢6 ]
I T U e e e T (P
| a» as | | 3¢ fa3 dr 4 ¢ |

(b, al] [ 2c1 — i

_1 — _3 +a3 —C1 CS :O’
| b1 a3 ] | 3c1 [azdt + ¢ |

b,  d

2 =2 bh=a. 0
by a3

On substituting (6) into (2), the nonclassical symmetry
for variable coefficient KdV system (1) is thus written
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as
a3 (c1x 4¢3 [ay dt + c4)
Ur + Uy
3¢y fa3 dt + ¢
csa3 c3as
+ — =0, (8a
3C1fa3dt+czu 3lea3dt+C2 (8a)
a3 (c1x 4¢3 [ a1 dr + ¢4)
v v
! 3¢y fa3 dr + ¢ *
Cod3
—— v =0, 8b
3C1fa3dt+6‘2v (8b)
the corresponding vector field of symmetry (8)
! 3 / dr + 0
= — (3¢ a ) —
P 1 3 2)5;
(arvo fausa)g
+lcix+c3 | apdt +cq ) —
0x
0 ad
+(—csu +c3)— — cev—, ©)
ou ov

and the Lie algebra associated with vector field (9) is
spanned by six vectors

3 d ad 10
Xi={\— | adt) —+x—, Xo=——,
as at 0x az ot

X / dr 9 + 0
— a —_— u—,
3 ! 0x ou

d
X4 = —,

ad
X = —v—. (10)
0x

X d
= _M—,
> av

ou

Remark 2.1 Here we want to remark that for ¢3 = 0,
the nonclassical symmetries (6) reduce to symmetries
obtained in [37]. This is also evident from symmetry
operator (9), which is more general form of symmetry
operator given in [37](see for, e.g., symmetry operator
V given at (1.7) in [37]). That is, with the aid of com-
patibility method we able to generalize symmetries for
KdV system (1).

3 Reduction of system (1) and some exact solutions

For six-dimensional Lie algebra (10), there exists infi-
nite number of combinations of generators X;(i =
1...6) for which reduction of system (1) can be
achieved, but such reductions would not be inequiva-
lent. This problem of inequivalent reductions has been
duly covered in the literature [45-47] wherein for opti-
mal system of subalgebras, Olver [45] suggested con-
struction of adjoint table of adjoint actions between

each member of Lie algebra and Ovsiannikov [46] sug-
gested construction of global matrix of adjoint transfor-
mation. The technique of Ovsiannikov is far superior to
that of Olver but is less algorithmic. Therefore, based
on Olver’s procedure of construction of optimal system
and by solving following characteristics equation

dx . dr du dv

r ol Gt p) s

(1)

we have following reductions for system (1).

Reduction 3.1 X|+e€5X5+€6X¢. The similarity vari-
ables and coefficient functions corresponding to this
subalgebra are obtained as follows:

3 3

s=ﬁ, u=F<s>(/a3dr)
_ %
v= G() (/a3dt) ’ (12)

and solving the constrained conditions (7), we get

-3+%
a1 = kiaz /a3 dr s
2
~3-g
ar» = krajz /a3 dr s
~3+§
by = kiaz /a3dt , b= a,

b3 = kyas,

where k1, k2, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

_EF %65F 13K ESFF + 3kE3GG
+27E2F" + 546 F" + 6F =0,
_£G - %eéG +3k3EIGF + 3k ETFG
+27k4E2G" + 54k46G" + 6ksG' = 0. (13)

The traveling wave solution for (13) can be found using
simple ansitz defined as

1
F=dy§3 +d1§"
1
G=¢eyé3+e§

WIN Qoo

(14)

@ Springer



1546

R. K. Gupta, M. Singh

On substituting (14) into reduced equations (13) and
solving resulting algebraic equation, we obtain

2es€6+5€5+2€5—4

b= o Geste—2)
d = — 18 (2€es€6+5€5 +2€6 —4) €5
ki 3es+eg—2) (3es>+4esee—Ses—2ec+4)
36(3es —4+2¢6) e

o= 3es2 +4es€6 —S5€5 — 26+ 4’
ky = (Qeseg+5€¢5+2€6—4)es(Les — 1)

12k; B €5+ €6 — 2)2 eo?
ks = kq (46566 +2662 + €5 —466)

2€s5€6+5€5+2€6—4
= 3(ee+Des
A 3e52 +4eseq —Ses — e+ 4

(15)

and thus using similarity transformations (12) and (14),
the traveling solution for KdV system (1) can be written
as,

1
x3 3 x3
S (fa3 m) dt) o (faa M) dr)

_s
X (/ az (1) dt) ' , (16)

x3 3 x3 B
v e°(fa3<r)dt) e (fa3(t)dt)

6
3

X (/a3(l) dt) ,

where e and k; are arbitrary; do, d, ey, k2, k3 and k4
are defined by (15).

2
3

Reduction 3.2 X| + €;X3. The similarity variables
and coefficient functions corresponding to this subal-
gebra are obtained as follows:

X

§=—"—, u=FE), v=G¢),
(3 [azdt + €)3

A7)

and solving the constrained conditions (7), we get

kias kpas
ag=—3, @ =—"—"7,
(3f613dt+62)§ (3fa3dt+€2)§
k
b 34 by =a1, b3z =kaz

G fazd+ex)i
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where k1, k2, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

—&F + ki FF + kGG + F" =0,

18
—EG' +Ik3GF' + ki FG' + ksG" = 0. (18)
For reduction (18), we seek solution in the form
F=dyé+d
0§ 1 (19)
G = eoE + eo,

and substituting (19) into reduced equation (18) and
upon solving resulting algebraic equations, we get
1 dieoky (ki + k3)
dy=———, ¢eg=——— =,
k1 + k3 k3
k3

ky = ,
eo? (ki + 2 kiks + k3?)

(20)

and substituting (20) into (19) and using similarity
transformations (17), one get traveling wave solution
for KAV system (1)

x
u= ; +di,

(3 [a3 () dr +€2)? (ki +k3)
xeq _ dieoky (ki + k3)
1 9
(3 fa3(t) dt-i-vEQ)j k3

where d1, eq, k1, k3 and k4 are arbitrary constants.

vV =

2

Reduction 3.3 X, + €5X¢. The similarity variables
and coefficient functions corresponding to this subal-
gebra are obtained as follows:

E=x, u=F(@E), v= G(E)eXp(—/éscht),
(22)

and solving the constrained conditions (7), we get

ay = kiaz, ay = kyas exp (2/66a3 dt) s

by = kzaz, by =kiaz, b3 =ksas

where k1, k2, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

kKiFF +kGG +F" =0

23
k3GF' —eG + ki FG' +ksG" = 0. 3)

For traveling wave solutions of reduction (23), we
would like to use (%) method as described in [48,49].
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To proceed further, we seek solution of ODEs in the Case 3.3.1 2> — 4 > 0.

fi
orm b2 }
u=| == _
1 21

G/ m G/ m—1
= dn (E) i (E) ercosh (§ /i =4 pux) +e sinh (5 /3~ 4 pux)
X
c1 sinh (% mx)—i-cz cosh (% \/mx)

2

+dp—2 | —= +...,
m=2 ( G drA? do
G'\" G'\"! 4
G=e =) te1 | = 2
(G) ’”(G) (62* m)
G n—2 )
+en—2 (E) +.o. (24) clcosh(1 )Lz 4,ux)+cz sinh (7 VA —4,u.x)
¢1 sinh (% A2 — )—i—cz cosh (% VAZ — 4,u.x)
where m and n can be found by homogenous balance el 2
between highest order derivative term and nonlinear - ( 26 3 )
term in (23); for present case, we have m = n = 2 and
G = G (&) satisfies second-order linear ODE Case 3.3.2 22 —du < 0.
)2
u= (—ZT + dzu)
G’ +AG' +uG =0, (25)

c] cos (% V=22 + 4;L$) — ¢p sin (5 V=rZ 4 4u§) :
* ¢ sin (% N 4/&5) + ¢z cos (% NEE 4;/.5)

where A and u are constants. Reduction of (25) can be

written as — ( dZT)P - do)
1 _ (-2t
ot ()
2
ol cosh i ) 5) + ¢y sinh (7 /—4M§) 5 (clcos (%\/—)b2 +4M§) — ¢ sin (7\/—)»2 +4M§)>
clsmh 1 4 é)—l—czcosh (% /12—4115) ¢y sin (%1/_)L2+4M€)+czcos (%\/_)ﬁ +4y.§)
NENET
2. (26) 6 3

Case 3.3.3 22 —4u = 0.
On substituting (24) into (23), an algebraic system of
equationsindy, d1, da, eg, e1 and e; can be obtained by y = (—=rxcr —hei+2e2) da
equating coefficients of ( ) to zero. To save space, 2xcr+2c1)?
we have omitted this algebraic system here and solution + (=Axcy —Acr +2¢2) dad do
to this system can straightforwardly be obtained using 2xcy+2¢ ’
Maple as follows: v — (=Axcp—Aci +2 6‘2)2 e

(2xca+2¢1)?
222 2
dy = A, ey = (— + _,u) e, el =Mey, €6=0, +(_)‘xc2 —ica+2c)el n (A2 +8u)e
123 2xc, +2¢ P
12d» 12ky )

k1 =0, ky=-— o k=T (27)  where c1, ¢2, do, do, e> and k4 are arbitrary constants.

Reduction 3.4 X+ €5X5+€6X¢. The similarity vari-
and substituting (27) into (24) and using similarity ables and coefficient functions corresponding to this
transformations (22), we deduce that subalgebra are obtained as follows:
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& =x, u:F(g)exp(—/65a3dt),
v= G(§)exp (—/66a3dt),

and solving the constrained conditions (7), we get

a; = kjaz exp (/ €503 dl‘) s
ay = kpaz exp (/ (2es — €5) az dt) ,
kzas exp (/ €503 dt) s

by = a1, bz = kiaz

(28)

by

where k1, k2, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

—esF+kiFF' + kGG + F" =0,

29
—€6G +ksGF' + k| FG' + ksG" = 0. 29)

On repeating procedure of (%) method as described

in previous case of Reduction 3.3, we have following
traveling wave solutions

Case 3.4.1 22 —4u > 0.

dz)nz
== —4
! ( 4 2“)

¢y cosh (% VA2 — 4;Lx) + ¢; sinh (1 VA2 — 4;Lx)
) (cl sinh (% Mx) + ¢ cosh ( Mx)>

) 2dop
6 3

=(% )
e et
c1 cosh (% VAZ — 4/Lx) + ¢ sinh (1 VAZ — 4Mx)
X
c1 sinh (% VA2 — 4ux) + ¢ cosh ( VA2 — 4;Lx)

2ey12 et
3 3

2

SIE S|

2

[SIE S|

@ Springer

Case 3.4.2 2> —4u < 0.

dr)?
u = (*ZT +d2/i)

2
c1 cos (% VA2 4;uc) — ¢ sin (% V=22 4+ 4/Lx)
c1 sin (% VA2 +4;Lx) + ¢ cos (% V=22 +4/Lx)

B dr)\2 N 2dr i
6 3

X

2
c1 cos (% VA2 4;uc) — ¢ sin (% V=A2 4+ 4/uc)
X
c1 sin (% VA2 4+ 4Mx) + ¢ cos (% VA2 4+ 4/LX)
2ey12 2e
_ 2l 2ep
3 3

Case 3.4.3 22 —4u = 0.

_(—)»ng—)\Cl-f-zCz)zdz
QEcy+2c1)?
—rEcr—hrei+2c)dah dr)? 2d
+($2 1 2)2+2+2,U«7
28y +2¢ 12 3
(=rEcr—Aci+20) e
Q&cr+2c1)?
(—r&cy—Xrcr+2c¢p) err

28ca+2¢y
ern? 2er 1L
+ 2 + 3

where c1, ¢3, d> and ej are arbitrary constants.

Reduction 3.5 X, + €4X4. The similarity variables
and coefficient functions corresponding to this subal-
gebra are obtained as follows:

E=x —/e4a3dt, u=FE), v=G(¢), 30)

and solving the constrained conditions (7), we get

ay = kiaz, ax = koaz, by = kzasz,

by = a1, bz = kas,

where k1, k>, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

—aF' +kFF +kGG' +F" =0

31
— 4G +Ik3GF + ki FG' + kyG” = 0. 3D
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Motivated by Riccati equation mapping method [50],
we seek solution in the form

F=S dd' @),
- o
G= ) ad'©),

i=—n

where ¢/(§) = r + p¢ (&) + q¢*(§). In (31) by bal-
ancing the highest order derivative term and nonlinear
term, we have m = n = 2, and on substituting (32)
into (31), a set of algebraic equations are obtained by
equating powers of ¢ () to zero. Solving such system
yields

do=d =0,
do = _P2k1k4 + 8qrkiky — esk — €sks
(k1 +k3) ki '
12pgky 12¢°ky
= - ) = - 7e—2=e—1201
ki + k3 ki + k3
(p2+8qr) (]2qu)
eO =k - 5 9 el = 9
ki + k3 ki + k3
1
12kq? —k1ka? + kikg + kaks \ 2
o — 9 :( 14+14+34) (33)
ki + k3 ky

Using solution set (33) and similarity transformations
(30), we have following traveling wave solutions

u = do + dii () + dag? (),
v = e+ e1¢i(§) + e2p? (£),
where fori =1, 2, 3, 4.

(34)

Reduction 3.6 X, + €4 X4 + €5X5 + €6Xg. The simi-
larity variables and coefficient functions corresponding
to this subalgebra are obtained as follows:

&= x—/64a3dt, U= F(E)exp(—/esagdt),
v= G()exp (—/66a3 dt), (36)

and solving the constrained conditions (7), we get

kiasz exp (/ €503 dl‘) s

a =

ay = kpaz exp (/ (2eg — €5)a3 dt)

b1 = kzazexp (/ €503 dt) ,

by = kjazexp (/ €503 dt) , b3y = kyas,

where k1, k2, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as

follows:
—e4F —esF+k\FF' + kGG +F" =0 37)
—€4G' — €6G +k3GF' +k FG' +kyG" = 0.

For reduction of type (37), we seek solution in the form

F = do + d; tanh(¢) + d tanh* (&) G8)
G = ep+ejtanh(é) + er tanhz(g),

and substituting (38) into (37) and solving resulting
algebraic equation, we get

, Ounh (% J@g)
¢1(§)=—2—— ,  0>0, (352)
q 2q
5r() 4r sin (§ +/—0&) cos (§ v/—0F)
2 = 9
—2 psin (JT «/—0%‘) cos (% «/—GE) +2+/—0 (cos (% 6’5))2 — /0
6 <0, (35b)
_ P (cosh(p§) + sinh (p§))
P = g (d1 + cosh (p§) + sinh (p§))’ ’ (329
1
¢4(€)=—m7 r=p=0, (35d)
where 6 = p>—4gr and £ = x — [eazdt,

k1, ky, k3, k4 and €4 all are arbitrary constants.

@ Springer
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J 0. = 12k4 3 8k 3 where ¢'(§) = r + p$ (&) + q¢*(&). Substitution of
PES =TT otk ST (43) into (42) yields
1 d

12k (—k1k42+k1k4+k3k4)2 d| = ZTP,

€y = K=
ki +k k

! 3 _ 2 e (pzdz — 12 q2d0 + 8qgrdr, — d0d2k3)

o = k1 (doky + dokz — 8k4) s =0.c6=0. (39 ey = — e ,
B ki + k3 A 32
exp 12 ¢ + daks
Thus, with the aid of solutions (39) and similarity trans- er=—k =~ > ’
formations (36), traveling wave solution for KdV sys- Kndy?
tem (1) can be written as ky = %, ks =1, (44)
()

12ky
ki + k3

2
§ (tanh (x _/ k1 (doky + doks — 8 k4) a3 (1) dt))
ki + k3

u=dy—

8k " 12k
ki +ks  ki+k3

2
" (tanh (x_/kl (doky + doks — 8 ks) a3 (1) dt)) ’
ki + k3

(40)

where dy, k1, k3 and k4 are arbitrary constants and k is
given in (39).

Reduction 3.7 X». The similarity variables and coef-
ficient functions corresponding to this subalgebra are
obtained as follows:

§=x, u=F(E), v=G(@), (41)

and solving the constrained conditions (7), we get

ay = kiaz, ay =kyaz, by = kias,
by = a1, b3 =kas,
where k1, k>, k3 and k4 are arbitrary constants of inte-

gration, and the reduction of system (1) is obtained as
follows:

kKFF +kGG' +F" =0

42
kKGF + ki FG' + ksG" = 0. (“42)

For traveling wave solutions of reduction (42), we use
same procedure of Riccati equation mapping method
as described in Reduction 3.5, and after balancing the
highest order derivative term with that of non-linear
term, we seek solution of (42) in the form

F =dy+di¢&) + drg* (&),

, 43)
G =eo+e19(&) +29”(©).

@ Springer

and using (44) and similarity transformations (41), trav-
eling wave solutions for KdV system (1) can be written
as

u=dy+d\pi(§) + da? (E),
v = o+ e1i(€) + exp? (),

where fori = 1,2,3,4, ¢;(£) are already defined in
(35) and dy, da, e> and k3 are arbitrary.

(45)

Reduction 3.8 X4. The similarity variables and coef-
ficient functions corresponding to this subalgebra are
obtained as follows:

§=t, u=F@E), v=G(@o), (46)

and solving the constrained conditions (7), we get

kias koas
al a

= —2 N 2 = —Z N
([ azdr)3 (Jazdr)3
kzas
by =———, by=a, b3=ksa;
(fazdn)3

where k1, k>, k3 and k4 are arbitrary constants of inte-
gration, and the reduction of system (1) is obtained as
follows:

F'=0, G=0 47)

and reduction (47) is equivalent to constant solution of
system (1).

Remark 3.1 All the calculations are handled using
Maple program, and the traveling wave solutions that
we have reported are verified using same tool.

4 Conclusion

The variable coefficient coupled KdV system has been
investigated in this manuscript using recently intro-
duced compatibility method. We have successfully
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applied procedure of compatibility method with the
aid of Maple program without which bulky algebraic
equations could have been unmanageable. Bypass-
ing the invariance criterion of Lie group method, six-
dimensional symmetry algebra is constructed. From
symmetry operator (9) for KdV system (1), it is evi-
dent that in this work, we able to recover more general
symmetries than reported in earlier work [37]. Pair-
wise disjointness of subalgebras through adjoint action
has given optimal system for symmetry algebra, and
consequently, several inequivalent reductions and their
traveling wave solutions are reported.
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