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Abstract. In this study, the classical Lie symmetry method is successfully applied to investigate the sym-
metries of the space-time fractional variant Boussinesq system which was introduced as a model of water
waves. With the help of the obtained symmetries, the governing system is reduced into the system of
nonlinear fractional ordinary differential equations (NLFODES) which contains Erdelyi-Kober fractional
differential operators via Riemann-Liouville fractional derivative. The system is also studied for the ex-
plicit power series solution. The obtained power series solution is further examined for the convergence.
The conservation laws of the governing system are constructed by using the new conservation theorem
and generalization of the Noether operators. The numerical approximation for the fractional system is also
found by using the residual power series method (RSPM). Some figures are also presented to explain the
physical understanding for both explicit and approximate solutions.

1 Introduction

The branch of mathematics that deals with derivatives and integrals of arbitrary order real or complex numbers is
called “fractional calculus”. The research area of nonlinear fractional order partial differential equations (NLFPDEs)
has been remarkably active for the past few decades. The physical phenomena in various engineering and scientific
fields, specifically statistical mechanics, fluid flow, viscoelasticity, material science, biosciences, medicine, geology,
electrochemistry, electromagnetics described by differential models is examined for the fractional order. There are
many methods to find solutions of NLFPDEs such as the Homotopy method [1], G'/G the expansion method [2],
the sub-equation method [3], the exp function method [4] and the Lie symmetry method [5,6]. Exact solutions of
fractional differential equations (FDEs) have attracted substantial interest in the literature. A lot of information of
physical phenomena modeled by differential equations has been supplied by Lie symmetry analysis and conservation
laws [7]. The Lie symmetry method is systematically used in different nonlinear scientific fields and plays an important
role for finding exact solutions of nonlinear partial differential equations (NLPDESs). The theory of the Lie group for
obtaining the group invariant solutions of NLPDEs is one of the most powerful methods. We found lot of books and
survey articles about applications of the Lie group [5,8-12]. The investigation process of conservation laws has been
given in some articles [13-15]. In order to find conservation laws the fractional order Noether operators have been
generalized by using a new conservation theorem [16].

Nowadays researchers have shown much interest in space-time NLFPDEs in place of NLPDEs of integer order
for a better understanding of nonlinear phenomena. There have been many approaches for the solution of fractional
partial differential equations (FPDEs) [14,17-19]. In this paper, we study the system of a space-time fractional variant
Boussinesq system for Lie symmetry reduction, explicit power series solution and conservation laws.

The Boussinesq equation was originally introduced to describe the continuation of long waves in the shallow
water [20—22]. In this work, we consider the space-time fractional variant Boussinesq system,
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is a mathematical model which describes the propagation of long surface waves, where H is the velocity and U is the
height of the free wave surface for fluid in the trough. The Boussinesq equations have been studied by the various
authors by many different approaches. In [22], the authors studied the Boussinesq equation for soliton solutions.
In [23], the traveling wave solution of the variant Boussinesq is found. In [20,24] the variant Boussinesq system has
been studied for Lie symmetry reductions, exact solutions and conservation laws.

The outline of the paper is as follows: In sect. 2, the Lie symmetry method is introduced to deal with a system of
space-time FPDEs. The Lie symmetry method is employed to obtain symmetry reduction of the considered system of
space-time fractional equations in sect. 3. Section 4 contains explicit power series solutions of governing system (1). In
sect. 5, the explicit power series is analysed for convergence. Conservation laws are found for the governing system in
sect. 6. The residual power series method (RPSM) is applied to find a residual approximate solution in sect. 7. Section 8
contains the numerical result and discussion of the approximate solution by interesting graphs of the approximate
solution. Finally, in sect. 9, concluding remarks are presented.

2 Symmetry analysis of space-time fractional partial differential equations

In this section, we present a brief study of the Lie symmetry analysis for FPDEs with two independent variables (z, t)
and two dependent functions (vy,vs2). Consider a scalar space-time FPDEs of the following form:
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where for i = 1,2. Here, %1; and %x”; denote the derivatives of order 1 and 2, respectively, and %, %x’g are the

Riemann-Liouville fractional derivatives of orders v, § > 0, respectively, defined by
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where I'(vy) is Euler’s gamma function. Let us suppose that the above FPDEs, egs. (2), are invariant under a one
parameter (¢) Lie group of transformations

of =z +e(x,t,v,02) +O(7), " =t+er(x,t,01,02) + O(?),
vf = v +en(z,t,v1,v2) + O(e?), vy = vg 4+ ed(z,t,v1,v2) + O(?),
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where &, 7, 1, ¢ are the infinitesimals; 77" and 7t are the extended infinitesimals of order v; n%* and ¢%* are the
extended infinitesimals of order 8; n*, ¢*, n** and ¢** are the integer order extended infinitesimals, which leave the
system of eqs. (2) invariant. The infinitesimal transformation (4) are such that if vy, v is the solution of (2) then so
is v], v3. The associated infinitesimal generator is given by
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The prolonged infinitesimal generator is as
priPX = X 0 0, + S Oy + 17 Ogp, + 6 Dpp, A1 Dy Oy, AN Dy, A0 Dy, s (6)

where 9] v; = %, Ovi oy = g—;’i, Ovi w121 = %1”; and so on, for i = 1,2 and z; = =, .
1 1
Since the lower limit of the Riemann-Liouville fractional derivative (3) with respect to x, ¢ is fixed, therefore the

invariance condition yields

&(x,t,v1,v2)]z=0 = 0, 7(z,t,v1,v2)|t=0 = 0. (7)
The infinitesimals are given as
dx* dt*
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In a similar way we can obtain ™", ¢*, ¢*® and so on, where D, is the total derivative given by
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The ~-th-order extended infinitesimal 7't related to the Riemann-Liouville fractional derivative is
0" = D] (n) + €D (v1.2) — D} (§v1,2) + 7D} (v1,e) — D} (Tv1,4). (11)

Now by applying the generalized Leibnitz rule [25,26], eq. (11) can be expanded as
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where D; represents the total derivative operator. Now by using the generalized chain rule and the generalized Leibnitz
rule D] (n) can be obtained as
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After substituting the value of D} (n) in (12), the y-th-order extended infinitesimal 7! for the system of FPDEs
of the form (2) is
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Similar to this expression of 77, the 4-th extended infinitesimal ¢, (3-th extended infinitesimal 7”* and S-th
extended infinitesimal ¢?% are obtained easily.
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3 Symmetries and reduction of space-time fractional variant Boussinesq system

In this section, the Lie symmetries of the system (1), will be obtained and further using that symmetries the system (1)
will be reduced into system of NLFODEs.

The invariance criteria of system (1) under the one parameter Lie group of transformations is described by the
following theorems:

Theorem 1. The group of transformations (4), introduces the Lie symmetries of the system (1) as follows:

(3;6)61@ y= =3

£ =z, T= a1 H, o= (6-3)U, (16)

where ¢1 is an arbitrary constant and the Lie symmetry generator of the system (1) is obtained as
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Proof. The invariance criteria of system (1) under the one parameter Lie group of transformations are obtained as

"+ Hy? " 00 H + 677 =0,
oV +UnT + $OPH + HeP +ndlU + 5™ =0, (18)

where %% is the extended infinitesimal of order 3, n7't, ¢7* are extended infinitesimals of order ~, and n®*, ¢** are
extended infinitesimals of order .

Now substituting the values of the prolongations and equating the coefficient of various powers of partial derivatives
of H and U to zero, for 0 < «, 8 <1 the determining equations are obtained as
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Solving all PDEs and FPDEs together in the system (19), also using (7), we obtained the infinitesimals
(3+8) (8-3)

= = - t =
€ 17z, T 27 Cc1t, n )

Drtle =0, neN. (19)

CIH7 ¢ = (ﬁ - 3>01U7 (20)

where ¢ is the arbitrary constant.
From these infinitesimals (20), the symmetry generator (17) of system (1 is obtained. Thus, the auxiliary equations

are
dz  dt  dH AU 1)
v By G3g o (G- (
Y

The symmetry reduction of the system (1) is obtained in the following theorem.
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2 (B-3)
Theorem 2. The similarity transformations of the system with similarity variable y = ot 5 are H(x,t) = AT f(y)

and U(x,t) = ¢ h(y) and the corresponding symmetry reduction of the system of NLFPDEs (1) for~, 8 > 0 into
the system of NLFODEs is given by

(Pf) W) +v" (™) ) + 1) (20°7F) W) =0,
(PELTF0) @+ (1) (0077) ) + 1000 (@7R) () + £t =0, (22)

where (Pg”) is the left-hand-sided Erdélyi-Kober fractional differential operator is given by

(Pf) (y H(ﬁH@y y)(/\/l“””f)(), y>0,0>0, 7v>0,
kf
+1 4 N,
fy ¢ (23)
ifvyeN,
where ) -
7/ (p— 1)L~ f (ypr ) dp if v >0,
(M2 ) (y) = T ( )
f(y) ifvy=0
is the left-hand-sided Erdelyi-Kober fractional integral operator.
Also, (Qz’ﬁ) is the right-hand-sided Erdelyi-Kober fractional differential operator given as
YA T 94kt Ly L) (oears 0 0 0
k=1
+1 4 N,
r— 5] ifB ¢ (24)
B if BEN,
where
1

— ' _ ,\B-1 9 1 ;
(T271) (w) = F(ﬂ)/o(l )"t (wo¥ ) dp i 5> 0,

fy) ifB=0
is the right-hand—sided Erdeélyi-Kober fractional integral operator.
Proof. First, we find the value of the fractional partial derivatives 6;71;[ and %BT%I of order § > 0.
For n — 1 < 8 < n; n € N, then by the definition of the Riemann-Liouville fractional derivative (3), we have

ofH o 1 @ 2=
_— = — n- [j 1 3 3
98— 92" I'(n — ﬂ)/o (z =) g (t o 5) ds. (25)

2
Let w = 2, and using similarity variable y = xt_ﬁ%, we get following equation:
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where
(T"F) () = ﬁ /0 (1= )" f(yw)dw (27)

is the right-hand-sided Erdelyi-Kober fractional integral operator (25).
For § =n=1,2,3,..., the relation (26) holds for (Tlﬁ’of)(y) = f(y).
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Now for greater simplification, let p(y) be a continuously differential function for y = xt_%, then we have the
following relation:

0 d _ 2y d
w%p(y) = xdfyp(y)t BT —y@p(y)- (28)

Thus, it follows:

D (708 ) = o [ (- s+ 2 ) (75 )]
= —xﬁ]_[(J—ﬂerd)(TO” °F) ). (29)

Now, by using the right-hand-sided Erdelyi-Kober fractional differential operator (Qg’ﬁ ) (24) in (29), we have

o o e By~
e (P (TP @) =A@ )- (30)
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OPH Ao 5.5
S5 =t a0 (F) (). (31)
Similarly, we may have
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Also, in a similar way, the fractional partial derivatives %5 and %5 are obtained of order v > 0 as follows:

a'YH —6v 1_6777,‘/
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where (PY7) is the left-hand-sided Erdelyi-Kober fractional differential operator given by (23).
0

Hence, by using (31), (32) and (33), the space-time fractional variant Boussinesq system (1), is reduced to the
NLFODE for 0 < «, 8 < 1 written as

(Pf) W) +y 7 ((2070) ) + 1) (2°7F) ) =0,
(Pi:s )h) W) +y " (nw) (27771 W) + 1) (2077R) W) + 1" (9) = 0. (34)

4 Explicit power series solutions

In this section, the power series method [27,28] is applied to obtain the explicit power series solution of system (1).
Let

[ee] o0
v)=> ay”  hy) =Y buy", (35)
n=0 n=0
where, a,, and b, for n =0,1,2,..., are coefficients to be determined.
From (35), we have
:Znanyn_la Znn_l any 27
n=0 n=0
[ee]
f"(y) = n(n—1)(n = 2)ay" . (36)

n=0
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Substituting the values from (35), (36) in (22), we have

o (T (1+ 255 - 3 , = ( I+ (1+k) ,
(S ) oo (5 (52 ) o« S (i ) o

n=0 F<]- B+3 ~ B+3 n=0 n=0 k=0
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n=o \ I’ (1 + 7%139) - 6713) i\ =F+n—k)
+3 (n+1)(n+2)(n +3)anisy™ = 0. (37)

n=0

Now comparing coefficient for n = 0, in (37), we obtained the following values:
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Now comparing coefficient for n > 1, in (37), we have the following recursion relation:

27(8-3) n
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/ b b
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y(B=3) _ ny
b _ I'l+n-p) F(1+ 5+3 ﬁ+3) oy +Z( I'(1+k) )aka ) (39)
N ) Y=

In view of (39), all coefficients a,,(n > 3) and b,, (n > 0) of the power series (35) can be found by choosing arbitrary
constants a; (i =0,1,2).

Hence, (1) have the exact power series solution having coefficients depending on (39). Thus, the power series
solution for (35) is described as

F(1+27ﬁ 3’)
313 _ L
=ay+ a1y + asy® — = by + 2 5( )ab +
fly) = a0+ ary +azy” — & F(1+7(B5+39)) 0T\ Tra—p) ) y’ Z (n+1)(n+2)(n+3)
27(8-3) n
y F(].“I’W*[;fg) <Z< I'l+n-—k) )(a br + arb )> yn+3
n—kbk + arbn—k ;
(8—9) n Ira — k-
F(”%T‘Tﬁs) =
00 y(B— 3) ny n
I'(l+n-pg) F(1+ BT3. T BT 3) I(1+k)
h(y):bo+Z— yB-FZ apln—k pY". (40)
—~ I'(l1+n) p( 5+3 ;’) k=0 Tr+k-p5)
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Fig. 1. Panels (a) and (b) show the behavior of the exact solution of H(z,t) and U(z,t), respectively, in (41) w.r.t = and ¢,
when v = .25, 8 =.75, ap = a1 = a2 = 1, n = 45.

Hix,t1.5x10°%¢
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Fig. 2. Panels (a) and (b) show the behavior of the exact solution of H(z,t) and U(z,t), respectively, in (41) w.r.t = and ¢,
when v = .25, 8 =.75, a0 =a1 = a2 =1, n=115.

Therefore, the required explicit power series solution of (1) is

r (1 + 2”&?”)

— 1 1
H(x,t) = aot 5+3 +a1xt a+3 —|—a2x t ﬁ+37) _ 6 W bo + Qx—ﬁt(ﬁ)%F(l —5 aobo xgt,gﬁ
r (1 +24-9) )
> 2v(8-3) N
" Z B 1 r (l + 7,@+3 ,l%) b, n+3t~y(5 2n—9) <Z 1 +n— k)
1 2 3 (B=9) _ n Ttn—f-
o=t () F(1+75+3 5_13) = (1+n B)
X (anche + akbnk>> -Gtz
T (B—3)
rii-pgr (1 + 213 ) s vpa S I(l+n-f) I (1 n 'yﬁ+3 B_%)
et = st 78+ 4 3L
r (1 - B+3) n=1 I (1 — ﬁ+3 B_V_)
e - I'(1+k) 2y(B=n=3)
X anz" TPt S + Z <—) apQp_px"t™ B+3 } (41)
P F(l +k— ﬂ)

From figs. 1-4, one can see that the terms of the power series solution are decreasing as the value of n increases.
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Fig. 3. Panels (a) and (b) show the behavior of the exact solution of H(z,t) and U(z,t), respectively, in (41) w.r.t = and ¢,

when v = .25, 8= .75, ap = a1 = a2 = 1, n = 445.
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Fig. 4. Panels (a) and (b) show the behavior of the exact solution of H(z,t) and U(z,t), respectively, in (41) w.r.t = and ¢,

when v = .25, 8 = .75, ap = a1 = a2 = 1, n = 1000.

5 Convergence analysis

The present section contains the analysis of convergence [24,29] of the power series solution (41), obtained in the

previous section. Now from (39), we have

|ants] <M (lbnl + ) lan—kllbel + |ak||bnk|> ;

k=0 k=0

ra+2af=8)_ o _g(_I(+n—k)
where M = max{( F(1+7§6}})—§T:: ),y B(F(Hn—ik—ﬂ))}’ forall k =0,1,2,...,n,

bal < N (|an| +3 |ak||an_k|> ,

k=0

- ra+292 - 22\ 5 ra+k) _
where N = max{( Py )y , F(1+k7ﬁ)}, forall k=0,1,2,...,n.

We define two power series:

P=Py =Y py" and Q=Q) = a.y"
n=0 n=0

such that
pi =lai|, ¢ =|bj|, fori=0,1,2,3, and j =0,

(42)

(43)

(44)
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and

Pny3 =M (qn + ) ookl + Zpk%—k) .
k=0 k=0
k
g =N (pn + Zpkpn—k> ) (45)

k=0
where n =0,1,2,3,.... Then it can be easily seen that
lan] <pn,  |bul <gqn, n=0,1,2,.... (46)
Hence, the series

P=P(y)=> py", Q=QW) =) ay"
n=0

n=0

is the majorant series of the series f(y) and g(y) in (35), respectively. Further, it is demonstrated that the series
P = P(y) and @ = Q(y) are convergent:

oo
P=po+p1y+py’ +psy>+ > poisy"

n=1
oo n n
=po+py+pay’ +psyt+ > M (qn + ) pokar + Zpkan> y"
n=1 k=0 k=0

= po +p1y + p2y® + p3y® + M[y*(Q — o) + ¥ (PQ — poo) + ¥*(PQ — pogo)]

and

Q=+ ay" =ad+y N (pn + Zpkpnk>
n=1 n=1 k=0
=qo+ N [(P—po) + (P> —pp)] -
Consider the implicit functional system with respect to the independent variable vy,
F(y,P,Q) = P —po —p1y — p2y” — p3y° — M[y*(Q — q0) + 25°(PQ — pogo)];
G(y, P,Q) = Q — qo — N[(P —po) + (P* = pp)]-
Since F', G are analytic in the neighbourhood of (0, pg, go) and F(0, po, g0) = 0, G(0, po, go) = 0.
Furthermore, the Jacobian determinant
o(F,G)
(P, Q) (0,p0,90)
Therefore, using the implicit function theorem [30], the series P = P(y) and @ = Q(y) are analytic in a neighbourhood

of the point (0, pg, go). This implies that the two power series (35) are convergent and converge in a neighbourhood of
the point (0, po, go)-

=1+#0.

6 Nonlinear self-adjointness and conservation laws

In this section, the nonlinear self-adjointness [13,14,16,31] of (1), will be discussed in order to construct conservation
laws of (1) by using the new conservation theorem.
The conservation laws for (1) are introduced as

D(C") + Dy (C") =0, (47)
where Ct(x,t, H,U) and C*(x,t, H,U) are conserved vectors of (1) and generate a vector field. The formal Lagrangian
for the system (1) is given as

(87H o’ H 36U> <37U o°U o°H 83H)
,C:U v U )

ot + 928 + 927 +H (48)

o 027 TV 0x8 T om8

where u and v are new auxiliary-dependent variables.
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The adjoint equations are defined as

. oL
F = o =0,

Here, % represent the Euler-Lagrange operators given by

j=12 (49)

50 0 s D

_ Y Y\« Y x < _1\En. . .
= 515 + O 5575y + (0F) a(Dij)+Z( "Dy, Di,, ..., D

k=1

0HI — OHI (50)

where D;, is the total derivative operator with respect to the ij-th variable. Also (D])* and (D?)* are the adjoint
operators [25,32] of the Riemann-Liouville fractional derivative operators D] and Dg, respectively.
From (48) and (49), the adjoint equations are obtained as

ngI = F} = (D})"u+ (D2)* (uH) + (D) (0U) + ud? H + v0PU — vy = 0,
% — F} = (D)0 + (D%)*u+ (D%)* (vH) + ud® H = 0. (51)

The system (1) is nonlinear self-adjoint if by substituting the value of new dependent variables
u=(x,t, HU), v=1y(x,t,HU), (52)

eq. (51) must satisfy, with at least one of the introduced new dependent variables as non zero. Now, the derivatives
of v =1(x,t, H,U) with respect to x are
Vg = Yy + YuHy +YuUs,
oz = Yuw + 2on Ho + 2000 Us + umHy + 20au HyUy + Yoo Us + Y Hee + $uUse,
Vgzw = Vaza + Vo HoUs + 30uauH Uy + 30 na HyUse + 30 ruu HoUp + 3¢ Has
+3Vau (He Uy + UpHaz) + 3%uvUsUse + 3¢000Us + 3%aan Hy + 3050 Uss
+ V1 Hogw + Y0Usar + 3bomu HY + 3¢euv Uz + YuuaHY + huuuUs. (53)

Thus, the nonlinear self adjointness conditions are obtained as

% _ O"H . O°PH . 0°U L oU —|—H86U n 65H+ 03H
sH — "\ o o8 " 9aP >\ o daP a8 " 0x3 )’
oL O"H O°H 9°U U oPU OPH O*H
5T S(atv+ aﬂ*aﬂ) 4<atv+ ax6+Uax6+ax3>’ (54)
where \; (1 =1,2,3,4) are undetermined coefficients.
Therefore, we have
- 3wwa:UUx - 3waHma: - 3'(/)HHUH£Ux - 3¢HUUH;EUQ;2 - SwmxHHx - SwHU(HZDUI;E - Uszx)
- 37/}UUU:csz - 3¢IUU1}I - 'l/}Hmem - wUUmzx - 3¢1,’HHH§ - SszUUg - ’IZJHHHH;) - wUUUUS =
OH o°H 09U U o°%U o°H  O°H
A H A H
1(atv+ ax5+amﬂ> 2<8t7+ axﬂ+Uaxﬂ+ax3>’
(D)9 + (DF) o + (D5)* (¢ H) + @I H =
O"H °H 9°U U PU °H O°H
A H A H .
8 ( o T oar T a:cﬁ) 4 ( oo T H g U T 8953) (55)

Equating the coeflicients of various powers of H and U and their partial derivatives in both sides of (55), then solving
them simultaneously, we get \; =0, ¢ =1,2,3,4. and

Y = (P(xvta Hv U)7
Y= a? A1 (t) + A (t) + As(t), (56)

where A;(t), (i = 1,2,3) are arbitrary functions of ¢.
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With the help of the new conservation theorem, the Noether operators to construct conservation laws of systems
FPDEs are given as follows.
The Lie characteristic functions W' and W?2 corresponding to symmetry generators are defined by

W!'=n—¢H, —7U;, W?=¢—E(H, —7U,. (57)
The fractional Noether operators [13,31] are defined as
t_ %[ k yy—1—Fk 1175\ Ak oL m i Am oL
C'=2, | L VDTV, (i) - (wm (awZHj)))] | %)

where m = [y] + 1, and W7, (j = 1,2) are given by (57) and H;, (j = 1,2) are dependent variables, i.e., H; = H and
Hy; = U, also Jy(h1, ho) is the integral defined as

T hy(x, s)ha(x,r
i h2) = poms // Ll m)drds

and
n—1

S ) S (WffH)> (1" (Wﬂ‘,D: (aufﬁif)m (59)

j=1 Lk=0

where n = [3] 4+ 1, and W7, (j = 1,2) given by (57) and Hj, (j = 1,2) are dependent variables, also J2(h1, ho) is the

integral defined as
P hi(s,t)ha(r,t)
Ja(h1, he) = T =73 / / r—35+1"d rds,

for any two functions hj(x,t) and ha(z,t).
By using (57) and symmetry generator (17), the Lie characteristic functions are

wie B=3) oH, _(3+ﬂ)th,
2 2
W? =(3-3)U —aU, — (?’;Lf)tUt. (60)

Now, usingthe basic definitions presented above and the adjoint variables (56), the conserved vectors of system (1),
are obtained as follows.

Considering the following cases:
Case 1. For 0 < v < 1, the t-component of the conserved vector is obtained as

C' =17 (Whe+ 'Y (W) + Tu(W', Digp) + To (W2, 4r).
Case 2. For 1 < v < 2, the t-component of the conserved vector is as
C' =D *(Whe + D' W)y — PV (W) — PV (Wha + Jy(WE, DEp) + Ty (W2, aby).

Case 3. For 0 < 8 < 1, we have the value of 1) = a (constant), and the a- component of the conserved vector is as

C* =L P(W)(He+aW) + I, P (W?) (¢ + aH) + Jo(W', Dy (Hp + al)) + Jo(W?, Dy (¢ + aH)).

Case 4. For 1 < 3 < 2, we have the value of ¢ = a;x + a2, where a1, ay are arbitrary constants and the z-component
of the conserved vector is obtained as

O = DJT (W) (He + (a1x + a2)U) + D7 (W?) (¢ + (are + ag)H) = I3 (W) Do (He + (a1 + as)U)
— 7PWA) Dy (o + (i + a2)H) = (W, D (Hp + (12 + a2)U)) = Jo(W?, D3 (¢ + (a1 + az) H)).
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7 Residual power series method (RPSM)

In this section we will construct the residual power series (RPS) solution [21,33] of (1). Let us consider system (1)
subject to the initial condition (at ¢t = 0)

H(QT,O) = h(.’L‘),
U(z,0) = o(x). (61)

Suppose that the solution of (1) is expressed in the form of the fractional power series expansion about initial point
t = 0 as given below

Z (@ k + 1) (62)

Z¢K lw+1) zel, t>0. (63)

The analytic approximate solution for the system (1) with initial condition (61) is in the form of an infinite fractional
power series given by RPSM.

In order to obtain numerical values from these series, Hy,(z,t) and U,,(x,t) denote the m-th truncated series of
H(z,t) and U(zx,t) respectively. That is,

nL 1‘ t th 1) 3 (64)

Z¢K k7+1) zel, t>0. (65)

For m = 0 by using the initial condition, the 0-th residual power series approximate solutions of H(x,t) and U(z,t)
are written in the following form:

Ho(l‘,t) - hO(x) - H(l’,()) - h(.’t), (66)
Uo(z,t) = ¢o(x) = U(z,0) = (). (67)
Therefore, (64) and (65) becomes
H,(x, +th kv+ T 1) (68)
Upn (1, +Z¢K lwk+ 5 zel, t>0. (69)

In this way, the m-th residual power series approximate solution H,,(z,t) and Uy, (z,t) can be obtained if hy(x) and
¢r(z) are known for k =1,2,3,...,m.
Now let us define the residual function for (1) and (61) as follows:
Resy(x,t) = 0)H+ HOPH + 9°U,
Resy(x,t) = 0]U + HOPU + U9 H + 93 H. (70)
Also, the m-th residual function can be expressed as
Respm(w,t) = 0] Hyy + Hp0 Hyy + 00Uy,
Resym(2,t) = 0] Uy, + Hp, 90Uy, + U0 Hyy + 02 H,, m=1,2,3,. ... (71)

Here we state some important results of Resy (x,t) and Resy,m(z,t), which are essential in the residual power
solution:

1)
Respg(z,t) =0, Resy (z,t) = 0; (72)
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2)
m@m Ry m(x,t) = Rp(z,t),
lim  Rym(z,t) = Ry(z,t); (73)
m—so0
3)

D:’YRH({LO) = DtT’YRH’m(.T, 0) = 07
D;"Ry(x,0) = D;" Rym(z,0) =0, r=0,1,2,...,m. (74)

(
Substituting the m-th truncated series (68) and (69) of H(x,t) and U(z,t), respectively, into (71) and calculating the
)

fractional derivative ng_l)y of Ry m(z,t) and Ry (z,t), for m =1,2,3,.... at t = 0 together with (74), we obtain
the following algebraic system

Démil)’yResH,m(xi 0) = O7
D"V Resym(2,0)=0, 0<~y<1, m=1,23,.... (75)

The values of hp,(z) and ¢, (z) are obtained by solving system (75). Therefore, the m-th residual power series
approximate solution is derived.

In the below discussion, we determined in detail the 1st and 2nd residual power series approximate solution.

For m = 1, the first RPS solution can be written in the form of

+

Iiy+1)’
e

Iiy+1)°

Hy(z,t) = h(z) + hi(x)

Uir(z,t) = ¢(x) + ¢1(x)
The 1st residual function can be written as follows:
Resp 1 (x,t) = 0y Hy + H1OPH, + 0PU,
RGSU’1($,t):a;YU1 +H18£U1+U185H1 +8§H1. (78)
Inserting (76) and (77) into (78) at ¢t = 0, we obtain

Resnaa,t) = 07 () 4 o) s ) o+ (G0 4 o) s )02 () + o) )

+ 0 <¢($) + (bl(x)F("::—l))’ (79)

2

Resyi(z,t) = 97 (gb(x) + ¢>1(x)”7’5+1)) + (h(x) + hl(:c)F(;llQ o7 <¢>(w) + ¢1(9€)F(7t:-1))

+ (o) + o) gy )22 () + o) ) 02 () + M) ) 60
From (79), (80) and (75), we have
hi(z) = — (h(@)37 f (x + 85 6(x))) , (81)
$1(x) = — (6(2)07h(w) + h(2)] b(x) + D3(x)) . (82)
Hence, the 1st approximate solution of (1) can be written as
Hy(e,1) = h(z) — (h(@)9Ph(z) + () F(;ill) , (83)
Ur(,t) = d(x) — (¢()07h(x) + h(2)d7 $(«) + 03¢()) r (84)

I(y+1)°
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For m = 2, the 2nd residual power series solution can be obtained as follows:

v 27

H = _— e —
U vy +27
2(z,t) = o(x) + €Z51(=’1”)F(,y ) + ¢2($)m . (86)
The 2nd residual function can be written as follows:
Respo(x,t) = 0] Hy + Hyd? Hy + 0P Us,
R68U72(I, t) = QZUQ + HQ@QUQ + Ug@ng + 62]‘[2 (87)

Inserting (85) and (86) into (87) at ¢ = 0, we obtain

5 2y Y 2y
Respo(x,t) = 8] (h(ac) + hl(x)ﬁ + hQ(z)w> n <h(x) + o (x) F(J+ gt hQ(x)fy)

02 (o) 4 (0 s+ o) s )+ 02 (000) + 0n(0) s + ) i )

(v+1) Ir2y+1 I'(v+1) Ir2y+1
(88)
. Y 27 t 27
Resy(z,t) = 0y (fb(x) + ¢1($)m + <252(33)F(27 n 1)> + (h(ﬂﬁ) + hl(ﬂf)m + hz(ﬂﬁ)w>
t 27 t 2
08 (000) + 01(0) s + ) gy ) + (900 + 010) s + a0 s
Y 27 Y 27
0 (1) + M0) s + 100 gy ) + 02 (10o) + o) s + el g )
(89)
From (88), (89) and (75), we have
ha(z) = — (h(x)02h1(x) + hi(2)0Ph(z) + 821 (2)), (90)
$2(x) = — (M(2)971(x) + ¢1(2)Ig h(w) + ha ()07 P () + $()0F b () + 3ha (2)) - (91)
Hence, the 2nd approximate solution of (1) can be written as
t 2
Hy(x,t) = h(z) — (h(2)d7 h(z) + 97 () ThTD) (h(2)87ha () + ha(2)07h(x) + 87 b1 (x)) REEE (92)
Us(,t) = ¢(x) — (¢(x)dy h(w) + h(x) Dy ¢(x) + Be(x)) F(;ill) — (h(@)37¢1(x) + ¢ ()07 h()
+ I (0)90(a) + 90 (0) + 02 () 5 (98)

In the same way, we can find the remaining approximate solution of order 3, 4 and so on of system (1). Hence, we have

m tk,y
Hy,(z,t) = ’;hk(x)l“(kry+ 0

tk'y
Ilky+1)°

Un(z,t) = iqﬁK(x) zel, t>0. (94)
k=0
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T,

Fig. 5. Behavior of the first RPS approximate solution (83) for different values: (a) vy = .1 and 8 = .3; (b) v = .4 and 3 = .6;
(¢)y=9and g=.9.

By using the concept of the generalized Taylor series, the RPSM is a technique to find the analytic approximate
solution of physical phenomena in the form of convergent series. By utilizing the terms of RPS approximations, higher
terms will reduce the error of approximation. Here we present some graphical explanations that are reported according
to the obtained first and second approximation with respect to h(z) and ¢(X) chosen as below:

2(sin(z) + cos(z))
sin(z) — cos(x)

sin(x) + cos(z) ) 2'

sin(x) — cos(x)

8 Numerical results and discussion

This section contains graphical explanations of the numerical simulations of RPS of system (1). Figures 5 and 6 show
the behavior of the first RPS approximate solution of (83) and (84), respectively, for different values of v = .1 and
f=.3~v=.4and f=.6and y=.9 and 8 = .9 and [ = .25, respectively. Similarly, figs. 7 and 8 show the behavior
of the first RPS approximate solution of (92) and (93), respectively, for different values of y =.1 and = .3, vy = 4
and = .6 and v = .9 and § = .9, respectively. Here, one can see that if v and [ are increasing with different values,
these figures are almost equal and in good agreement with one another, with respect to the correctness, and also the
absolute error is very small. Therefore, it can be stated that the wave solution is smoother around the 0 as v and 8
approaches 1.
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Fig. 6. Behavior of the first RPS approximate solution (84) for different values: (a) v = .1 and 8 = .3; (b) v = .4 and 3 = .6;

(¢) y=.9and g=.9.

Fig. 7. Behavior of the first RPS approximate solution (92) for different values: (a) v = .1 and 8 = .3; (b) v = .4 and 3 = .6;

(¢) y=.9and g=.9.
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©

Fig. 8. Behavior of the first RPS approximate solution (93) for different values: (a) v = .1 and 8 = .3; (b) v = .4 and 8 = .6;
(¢)y=9and g=.9.

9 Conclusion

In the present study, the symmetry variables and symmetry transformations of the third order space-time fractional
variant Boussinesq system have been derived. We have introduced the Lie symmetry analysis for investigating systems
of space-time NLFPDEs and successfully reduced the system of NLFPDEs into a system of NLFODEs. The explicit
power series solution of the considered system has been derived by using the reduced NLFODESs. Also, the obtained
power series solution has been analyzed for convergence. The conservation laws for the space-time fractional governing
system are constructed by using the generalized Noether’s theorem and new conservation theorem. Some authors have
studied the same system for the integer order derivative and for the time fractional order derivative. In comparison
with them, our result recovers the symmetries of the system of the integer order derivative for v = § = 1 studied in
ref. [20]. The approximate solutions of the governing system subject to the given initial conditions are constructed with
accuracy using the RPSM, which is the modern analytical iterative technique. The graphical results demonstrated
that the nearly similar and coinciding behavior of the RPS approximate solution for v = .1 and g = .3, v = .4 and
[ =.6and v=.9 and 8 =.9 in terms of accuracy.

Support of CSIR Research Grant to one of the authors, BK, for carrying out the research work is fully acknowledged.

References

. M. Dehghan, J. Manafian, A. Saadatmandi, Numer. Methods Partial Differ. Equ. 26, 448 (2010).

. B. Zheng, Commun. Theor. Phys. (Beijing) 58, 623 (2012).

. S. Zhang, H.-Q. Zhang, Phys. Lett. A 375, 1069 (2011).

. J.-H. He, X.-H. Wu, Chaos, Solitons Fractals 30, 700 (2006).

. C. Chen, Y.-L. Jiang, Commun. Nonlinear Sci. Numer. Simul. 26, 24 (2015).

. R.A. Leo, G. Sicuro, P. Tempesta, Fract. Calc. Appl. Anal. 20, 212 (2017).

7. G. Wang, A.H. Kara, K. Fakhar, Nonlinear Dyn. 82, 281 (2015).

. G.W. Bluman, S.C. Anco, Symmetry and Integration Methods for Differential Equations (Springer-Verlag, New York, 2002).

DO W N

[oe]



Eur. Phys. J. Plus (2018) 133: 520 Page 19 of 19

9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.

33

S. Kumar, Nonlinear Dyn. 87, 1153 (2017).

P.J. Olver, Applications of Lie Groups to Differential Equations (Springer-Verlag, New York, 1986).
W. Rui, X. Zhang, Commun. Nonlinear Sci. Numer. Simul. 34, 38 (2016).

Q. Zhou, Q. Zhu, A. Bhrawy, L. Moraru, A. Biswas, Optoelectron. Adv. Mater. 8, 800 (2014).

N.K. Ibragimov, E.D. Avdonina, Uspekhi Mat. Nauk 68, 111 (2013).

K. Singla, R.K. Gupta, Commun. Nonlinear Sci. Numer. Simul. 53, 10 (2017).

G. Wang, A.H. Kara, K. Fakhar, J. Vega-Guzman, A. Biswas, Chaos, Solitons Fractals 86, 8 (2016).
N.H. Ibragimov, J. Math. Anal. Appl. 333, 311 (2007).

M. Arshad, D. Lu, J. Wang, Commun. Nonlinear Sci. Numer. Simul. 48, 509 (2017).

M. Gaur, K. Singh, Appl. Math. Comput. 244, 870 (2014).

G.-W. Wang, T.-Z. Xu, Nonlinear Dyn. 76, 571 (2014).

B. Gao, Wave Random Complex 27, 700 (2017).

F. Tchier et al., Eur. Phys. J. Plus 133, 240 (2018).

D.-X. Meng, Y.-T. Gao, X.-L. Gai, L. Wang, X. Yu, Z.-Y. Sun, M.-Z. Wang, X. Lii, Appl. Math. Comput. 215, 1744 (2009).
W. Yuan, F. Meng, Y. Huang, Y. Wu, Appl. Math. Comput. 268, 865 (2009).

E. Yagar, I. Giresunlu, Acta Phys. Pol. A 128, 252 (2015).

V. Kiryakova, Generalized Fractional Calculus and Applications (John Wiley, New York, 1994).

I. Podlubny, Fractional Differential Equations (Academic Press, Inc., San Diego, 1999).

M. Inc, A. Yusuf, A.I. Aliyu, D. Baleanu, Phys. A 496, 371 (2015).

A.S. Nuseir, A. Al-Hasoon, Appl. Math. Sci. 6, 5147 (2012).

C.-Y. Qin, S.-F. Tian, X.-B. Wang, T.-T. Zhang, Waves Random Complex Media 27, 308 (2017).
W. Rudin, Principles of Mathematical Analysis (McGraw-Hill, New York, 1964).

K. Singla, R.K. Gupta, Nonlinear Dyn. 89, 321 (2017).

I. Podlubny, Y. Chen, in ASME 2007 International Design Engineering Technical Conferences and Computers and Infor-
mation in Engineering (2007) 1385.

H. Tariq, G. Akram, J. Appl. Math. Comput. 55, 683 (2017).



