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Abstract In this article, an improved F-expansion
method with the Riccati equation is suggested for
space—time fractional differential equations for exact
solutions. The fractional complex transformation is
used to convert the space—time fractional differen-
tial equations into ordinary differential equations.
The application of the method is described by solv-
ing space—time fractional potential Yu-Toda—Sasa—
Fukuyama equation, and the solutions of the equa-
tion are successfully established in terms of the hyper-
bolic, trigonometric and rational types of functions.
The graphical analysis describes the effect of fractional
orders «, B, v, 8 of time and space derivatives, respec-
tively, on the wave profile of solutions. The disper-
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sion relation is obtained using the linear analysis, and
it shows that waves follow anomalous or normal dis-
persion depending upon space or time fractional-order
values.
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1 Introduction

The various physical phenomena are mathematically
modelled in terms of fractional partial differential equa-
tions (FPDEs) in the areas of mathematics, physics
and engineering [45,47,49,55] such as continuous-
time random walk process [56], anomalous diffusion
[72,73], memory term effect [14,19,49,68], modelling
mechanical and electrical properties of real materi-
als [18,49], description of rheological properties of
rocks [49], power laws [68], fractals [20,74], steady
heat flow [75] involving fractional space/time deriva-
tives. In recent years, considerable research describes
the way to find exact solutions of FPDEs and the
most commonly used methods to solve FPDEs are the
symmetry method [25,26,29,35,48,50,52,58,59,62],
fractional sub-equation method [82], (G'/G)-expansion
method [11], exponential function method [11], expo-
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nential rational function method [7,46], fractional com-
plex transformation method [9], factorisation technique
using travelling wave transformations [71], travelling
wave solution method based on the formulation of local
fractional derivatives [70,74], the first integral method
[10], generalised Kudryashov method [22] and so on.
In the literature, the improved F-expansion method
with the Riccati equation is proposed to solve for exact
travelling wave solutions of integral-order differential
equations [6,30-34] but not for FPDEs. Therefore, our
aim is to propose an improved F-expansion method to
solve space-time FPDEs for exact solutions. In this
paper, an improved F-expansion method is applied to
obtain exact solutions of (3 4 1)-dimensional space—
time Yu-Toda—Sasa—Fukuyama (YTSF) equation [77].
The integral version of YTSF equation is given by

(—4w; + @ (w)wy), + 3wy, =0,
@ =92 + 4w + 2w, 3", (1)

where w : Ry x Ry, x R, x R; — R and the vari-
ous subscripts denote partial derivatives with respect
to x, y, z or ¢t and 3;1(~) = ffooo(-)dx. Equation (1)
is (3 4+ 1)-dimensional generalisation of Calogero—
Bogoyavlenskii—Schiff equation [57] given by

w; + @ (w)w, =0, & (w) =32 +4w+2w,d7". (2)

Using w = u, in Eq. (1), it gives (3 + 1)-dimensional
potential YTSF equation [77] as follows

—d Uy +thyxxz +3uyy +Aduyuy; +2ux u; = 0. (3)

In Eq. (3), the function u(x, y, z,t) represents the
amplitude of the relevant wave and is used to describe
the physical systems such as the mobility of solitons
and nonlinear waves in the fields of plasma physics,
fluid dynamics, weakly dispersive media, etc. [38].
Equation (3) has been solved for solutions in terms
of soliton, non-travelling wave, exact travelling wave,
rogue wave, soliton solutions in Gramian, rational,
lump and solitary waves [8,12,13,15,17,28,33,39-
41,54,61,63,64,67,76,78-81,83]. In the literature, no
reports on space—time fractional form of Eq. (3) have
been found for exact solutions and dispersion anal-
ysis. The fractional analysis provides diversity in
understanding the dynamics of various physical sys-
tems. The real-life application of YTSF equation is
found in oceanography and waves in two-layer lig-
uid medium and elastic medium [1,15,39,61,65,76].
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The fractional-order version of Eq. (3) can be obtained
using the variational principle for fractional calculus
[3,44], and the proof is given in “Appendix”. This
formulation is successfully implemented for deriving
fractional-order differential equations for other systems
reported in [3,21,24,44,53]. In the present analysis, the
space—time fractional potential YTSF equation in nor-
malised form is considered as follows

3t /9% 33F [3%u 9%y
A4 ——= )+ —= | — | +3—
oxP \ or¢ ax38 \ 37° ay2r
9Pu AL
+4(— ) [— | —
axB axP \ 97%
) 92Py %u _0 @
dx26 a8 )

where o, 8, ¥y and § (0 < «, B, ¥,8 < 1) denote the
fractional orders of the derivatives with respect to inde-
pendent variables ¢, x, y and z, respectively.

Linear dispersion analysis of FPDEs [16,23] gives
the relation between wave frequency and wave vectors
which is further used to find phase and group velocities.

The paper is organised as follows. In Sect. 2, the
description of improved F-expansion method for solv-
ing space-time fractional FPDEs is given. In Sect. 3,
the application of the proposed method is given to solve
Eq. (4) and solutions are obtained. The graphical analy-
sis describes the effect of fractional orders on the wave
profile of solutions. Section 4 provides the linear anal-
ysis of the equation which gives dispersion relation;
further, phase and group velocities are obtained. In the
last section, concluding remarks are given.

2 Detailed description of improved F-expansion
method for space-time FPDEs

This section proposes the detailed algorithm of
improved F-expansion method for obtaining exact trav-
elling wave solutions of space—time FPDEs. For this,
consider the definition of Riemann-Liouville (RL)
fractional derivative [49] of order « > 0, « € Rt
with lower terminal at O as follows

DY f(1) =

n
dd{y), a =n, wheren € N;

T s g =0T f©)do, n—1 <a <n, neN.
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The RL fractional derivative (5) exhibits the follow-
ing property [49]

Iy + D

D%tV = ,
'y—a+1)

> —1, (6)

where I7(-) is the gamma function.

To apply improved F-expansion method onto the
space—time FPDEs, firstly, consider the Riccati equa-
tion as follows

do _ 2
=T 7

where [ is the real parameter, and the general solutions
of Riccati Eq. (7) are examined in the following cases.

Case 1 For/ < 0, the hyperbolic functions solutions
of Eq. (7) are given as follows

¢1 = — ~/—l tanh(v/—1 ¢),
¢r = — v/~ coth(~/=1 7). (8)

Case 2 When [/ > 0, the solutions of Eq. (7) can be
written in terms of trigonometric functions as follows

b3 Zﬁtan(«/z 0),
¢s = — VI cot(V1 ). 9)

Case 3 For [ = 0, the solution of Eq. (7) is given in
the following rational form

b5 =——. (10)

To find the exact solutions, the space—time FPDE is
considered in the following form

o %u 3Pu 3u ®u 9P (3%
g\, 3 77 g\ aa |
are’ 9xP’ ayr’ 978 axP \ ar¢

oF (0w 9%u P (3%u —o
axP \9z° ) ox28" ax3F \oz8 )" ) 7
O<a,B,y,8 <1, (11

where «, B, y and § are the fractional orders of the
derivatives of u corresponding to variables 7, x, y and
z, respectively. The solution of Eq. (11) in terms of
fractional complex transformation [27,37,51,60,69] is
given as follows

ux,y,z,1) = U(),

¢ = kixP kay”
B+ I'(y+1D
k328 kqt®
12
Te+n T Ter (12)

where U is a function of complex variable ¢ and k1, k7,
k3, kq are the arbitrary constants. Using chain rule the
following equations are obtained

0%u o /
EYe = GIDCUDt § = O—tk4(D§ U) = Utk4U s
3Pu

9 = 0x D UDPt = 0,k (D U) = ok U,
0% u y ,
Z)y_l’ =0yD;UDy¢ = oyk2(DU) = oykaU’,
8814 § /
P =0, D UD;¢ = 0:k3(D:U) = o:k3U",

13)

where prime ’ denotes the derivative of U(¢) with
respectto ¢ and o, 0y, 0y, 07 are the fractional indexes,
and without loss of generality, consider o; = oy =
oy = o, = p, where p is the arbitrary constant [27,51].
Thus, Eq. (12) converts Eq. (11) into ordinary differ-
ential equation (ODE) in terms of U and its derivatives
in the form as follows

DU, pksU', pkyU', pkoU', pk3U’, p*ksky U”,
p*kiksU”, p* k30", p*liksU", .. ) = 0. (14)

Equation (14) can also be integrated once or more
number of times. It gives the constants of integration
which can be equated to zero for getting the solutions.

Let us consider the travelling wave solution for
Eq. (14) in the following form

P P
U@) =Y mim+¢@)' +Y vitm+¢ @)™, (15)

i=0 i=1

where ¢ (¢) satisfies the Riccati Eq. (7). The w;, v; and
m are the arbitrary constants and w;, v; # 0, simultane-
ously. The parameter P can be determined by using the
balancing principle in which the highest order deriva-
tive term is balanced with the highest order nonlinear
term from Eq. (14).

Also, from Eq. (15), the expression for U’ is obtained
as follows
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d P ‘
U = <§¢ <;>) (Z (m+¢ @) i
i=0

i=1

P
—Z(m+¢<;)>—"—1iw). (16)

Using Eq. (7), U’ reduces to
P

v =(1+42©) (Z (m+¢ @) in
i=0

P
—Z(m+¢<;)>—’—1ivi). (17)

i=1

The expression for U” using Riccati Eq. (7) is
obtained as follows

B
U’ = (z +¢? (c)) (2¢> ©) ; m+¢ @) i

P
26y m+¢ @) iy

i=1

P
HIY =D m+¢ @) Tiw

i=0

P
Y ¢ @)+ Dy

i=1

P
+@@NY =D+ @) in

i=0

P
+$2 @O m+d NG+ w) :
i=1

(18)

Similarly, one can obtain the expressions for other
higher-order derivatives of U. The back-substitution of
U and its various orders of derivatives together with the
value of P into Eq. (14) results in a polynomial in terms
of function ¢ (¢).

Then, equating the coefficients of various powers
of ¢(¢) to zero, it gives a system of over-determining
equations whose solution provides u;, vi, m and k4
values.

The solutions of Eq. (14) can be drafted by inserting
the values of u;, v;, m and k4 into Eq. (15) with known
solutions of Eq. (7). The back-substitution of solutions
of Eq. (14) into Eq. (12) gives the exact travelling wave
solutions of the space—time fractional Eq. (11).
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3 Application of the method to solve potential
YTSF Eq. (4)

In this section, the improved F-expansion method has
been applied to Eq. (4) to obtain exact travelling wave
solutions. The fractional complex transformation for
Eq. (4) gives the following ODE after integration

(—4kiks +3k2) U +ki*k3p?U" 43 p ki 2ksU'* = 0,
(19)

where the constant of integration is considered as zero.
The homogeneous balancing between the highest order
derivative term U"” and the highest order nonlinear term
U'? in Eq. (19) gives the value of P = 1, and further,
the solution of Eq. (19) can be written in the following
form

U@) = po+pi(m+¢@) +vilm+¢@) " (20)

The expression for U’ is obtained as follows

o (80 @) (wim? +2mp @ + w192 @) — )
= (m+¢ ()? '

(2D
Using Eq. (7), U’ reduces to

(1 + ¢ (©) (mim? + 2 pime () + 1> (¢) — vy)

U' = 5
(m+¢ ()

(22)

Similarly, other expressions U” and U"” are obtained
as follows

. 2(+¢%©)

vt = 3
(m+¢ ()
+3uime® () + met (©)
— ¢ () vim+1vy), (23)
2

% (40 @ toim + 41m*6 (©)
+6lpim?p* (¢)
+4lpme? (§) + 3% () pim*
+12¢% @) pim® + 18 wim*¢* ()
+121me’ () —3¢* (&) vim?
—1v1¢? (©) +lpim®* + 11 ¢* ()

(¢ @ mim® +3mm*e* ©)

U’ =
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—lm? =3P 43¢0 ). @4

Substitution of U’, U” and U"” into Eq. (19) gives a
polynomial in ¢ (¢) as follows

(30k1%k3m® + 6 ki*k3p?ur ) 6% )
+ (120 a2k Pm + 24k ks pPam) ¢ (¢
+ (36k13k3p2u1m2 4 8ki3k3pPuyl
+ 18 pki%kzprPm? + 3 kP g — dkiky o
6 pki k311 +6 p ki ki ) ¢ (©)
+ (24pk12k3;L12ml 12k 2y m
— 16k1ka wim + 12 p k1 2k3 oy m?
+ 24k k3p?uim® + 32k 3k3ppuiml
—12pkitkapimor ) 6 (©)
+ (4k1k4 v — 12 pki2kapyvil — 6 p ki 2k peym? vy
— 2 kika pym? + 3 pk2k3v 2 + 3 pky Zkap 2m?
+3pk ks 2% + 2k ks p? 12
+ 36pk12k3u12m21 + 18k22u1m2
— 2k 3k3pPvil — dkika pil — 6 ki3 k3p2vim?
— 3k22v1 +6k13k3p2u1m4
+48 k1 ks p2pim? + 3k al) ¢ (©)
+ (12pk12k3p,12m12 - 24pk12k3,u1mv11
— 16kikyg pym® + 8k k3 p?juyml>
+ 12k22,u1ml +32 k13k3p2M1m3l + 8kikgvim
+ 24 p ki 2k3p 2m3l — 6 ky2vym
12k pym® — 16 kykyg pyml + 8k13k3p2v1ml) &3 (0)
+ (—8 ki 3kapPuil? + 6 p ki 2k3vi 2 + 3 ko2 pym®
+ 18 p ki k3 2m>1%
+ 12k 3 k3 p2 g m?2 + 18 ko2 puym?l
— 12pk12k3,u1m2v11 + 6pk12k3,u,12m4l
+ 8k k3p?uim*l — 6 pky*kzpyvil?
+ dkika vim?® — 3k 2vym? — dkyka pym®
— 24 kykg ym?l — 8k k3 pZvym?l
—3ko2vyl + 4kiky vll) ¢ ()
+ (8k13k3p2,u1m312 - 12pk12k3u1mv112
+ 8kyka viml — 16 kika pym31
+ 8k13k3p2v1m12 + 12k22p_1m3l

+120k12k3ulzm312—6k22V1m1)¢(§)
— 3k 2vym?l — 2k k3 pPvym2i?

4 2 2.2
—4dkikg pym™l — 6 pk1“kzpuimvyl
+ 3 pk12k3pu 2m*1? — 6k PkypPvi 1P
4
l

+ 2k13k3p2M1m 24 3k22u1m4l

+ dkykg vim®l 43 p ki k30212 = 0. (25)

Now, by equating the coefficients of all powers of
¢i(§), i =1,2,...,tozero, the over-determining sys-
tem of equations is obtained using symbolic compu-
tational software Maple. The solutions of determining
equations are given by the following expressions

4ki3k3p?l — 3k

kg = , =0,

4 i ©1

v =2kipl+ 2k pm?, (26)
and

4k13k3p% 1 — 3ky?
ky = —— , m1 = —=2kip, vi =0.
4k

27

Using the above set of values for w;, v; and k4 in
Egs. (20) and (12), the exact travelling wave solutions
for Eq. (4) are obtained in terms of hyperbolic, trigono-
metric and rational functions and discussed graphically
in the following cases.

Case 1 For I < 0, the solutions involve hyperbolic
functions as follows

Family 1

( £ = 1o + (2pk11+2k1pm2) (28)

e T T T anh (V=I¢))
20kl +2kipom?

wCe v o) = o 4 PRl 2kipnT)

(m — /=l coth (\/—_lf)) ’

kixP kay? ke (4kiPksp?l=3 k)¢

where { = F(ﬁ+1)+1“(y_+l)+1“(6+1)_ I T@+D
The solutions obtained in family 1 are shown graph-

ically in Fig. 1. Figure la—f represents the three-
dimensional (3D) and two-dimensional (2D) kink wave
profiles for solution (28) and singular wave profiles
for solution (29), respectively. The 3D plots help to
compare the wave profiles for solutions in family 1
for fractional-order versus integral-order equation. The
effect of variation of fractional parameters on the solu-
tions obtained in the family 1 is depicted by the 2D
plots. Note that there is no well-defined procedure to
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select a set of fractional-order parameters; hence, the

solutions of fractional-order systems can be simulated

by selecting various combinations of parameters.
Family 2

u(x,y,z,1)
= jo+ @ pky) (m — v=ltanh (V=It)) . (30)
u(x,y,z,1)

— 1o+ 2 pky) (m — V/=lcoth (J?lg)) . 31

The solutions obtained in the family 2 are shown graph-
ically in Fig. 2. It describes the kink wave profiles for
solution (30) in Fig. 2a—c and singular wave profiles
for solution (31) in Fig. 2d—f. It reveals the effect of
variation of fractional-order terms graphically on the
solutions of family 2.

Case 2 For [ > 0, solutions are obtained in trigono-
metric functions as follows.

Family 3
20kl +2kipm?
we, v, 2,) = o  LPKILF2Rom)
m+x/itan<~/7§))
2pkil +2kipm?
S Y.L U L L) (33)

n—ion (41))

Figure 3 shows singular periodic wave profiles for solu-
tions (32) and (33) obtained in family 3. Wave profiles
of solutions are compared by 3D plots for integral val-
ues of fractional parameters. The effect of variation in
fractional-order parameters on the wave profile of solu-
tions is depicted by 2D plots in Fig. 3c, f.

Family 4

u(x,y,z,t) = uo+ 2 pkp) (m + /I tan («/7{)) .
(34
u(x,y,z,t) = puo+ 2pkp) (m — Vi cot («/Z{)) .
(35
Figure 4 also shows singular periodic wave profiles
for solutions (34) and (35) for the family 4 in terms of
3D and 2D representations.
Case 3 When ! = 0, solutions appeared in the form
of following rational functions.
Family 5
(2pkll +2kip m2) e
(m¢—1)

u(x,y,z,t) = po + (36)

@ Springer

Family 6

1
u(x,y,z,t) =puo+ 2pky) (m—E> 37

The graphical analysis of solutions obtained for
Eq. (4) in families 5 and 6 is shown in Fig. 5. It shows
singular kink wave profiles for solutions (36) and (37).
Figure 5a, d represents 3D wave profiles at « = 0.5,
B =0.5y =0.9and § = 0.15, and Fig. 5b, e depicts
the 3D wave profilesate = 8 = y = § = 1. The effect
of fractional orders on the wave profile of the solutions
is also shown by 2D representations in Fig. 5S¢, f.

The real-life application of fractional-order Eq. (4)
helps to understand the rogue waves which were
observed in deep sea, and this is a field of intensive
research in oceanography [15,39].

Remark Solutions (28)—(37) for Eq. (4) are cross-
checked and satisfied by using chain rule (13) in Maple
software. It has been found that for parameters o =
B =y =6 =1landp =k =k =k =
1, the solutions approach towards results as reported
by [8,13,33,78,79] for integral-order YTSF equation.
Hence, solutions presented in this paper are generalised
as the fractional-order terms «, B, ¥y and & can be set
to any value lying between 0 and 1.

4 Linear dispersion analysis

In this section, the linear dispersion analysis of space—
time fractional potential YTSF Eq. (4) is discussed
using the definition of RL fractional derivative [49]
with lower integral limit at —oo given by

o ripy = L
oD f (1) = I'(n — ) de”

t
/ (t—6)"" 1 f@)do,n—1<a <n, neN.
(33)

The RL fractional derivative (38) with lower terminal
at —oo has the following property [49]

_oon‘eM =% 1> 0. (39)

For linear analysis, the dispersive waves in the sinu-
soidal form are considered having periodic spatial and
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Fig.1 Wave profiles of
family 1 representing a—c
for solution (28) and d—f for
solution (29) with g = 1,
=2,k =1,kr =1,
kx==-2,p=1,m=2,

y =1,z =1 for 3D plots
andy=1,z=1,t=1for
2D plots

time dependence [2,16,23,36,42,43,66]. Let us con-
sider ¥ (x, v, z, t) as the periodic wave function for a
(3 + 1)-dimensional system, and it is given by

T 1

0 10 20 30 40 50 60

—0=05$=057y=09,8=0.15
o 0=0.6,$=0.6,vy=09,8=0.15
0=09,$=09,y=09,8=0.15

(C) Effect of fractional orders «, 3, v and é

€ a=1,8=1,7y=1,6=1

(b)a=1,8=1,v=1,6=1

- 4007 9
S\V\'\(/l?égf
2 1T

P 0

(d) a=058=05v=09,6=0.15

5000 -

4000 -

y 3000

2000 +
1000 -

0 ——y
107 20

30 40 50 60
X
—a=05p=057y=09,5=0.15
o 0=0.6,p=06v=09,5=0.15
=09, p=0.9,y=09,5=0.15

(f) Effect of fractional orders «, 3, v and 6

where Re denotes the real part of the wave function, i =
+/—1, Aisthe complex amplitude, K = kyi+ky j+k;k
is the wave vector, andr = x i + y f + z k is the radial

vector. Here, subscripts x, y, z describe the component
of a 3D vector along three orthogonal directions and i,

V(x,y,z,1) = Re{Ae! @K1y (40)
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Fig. 2 Wave profiles of
family 2 representing a—c
for solution (30) and d—f for
solution (31) with g =1,
=2,k =1,kr =1,
kx==-2,p=1,m=2,

y =1,z =1 for 3D plots
andy=1,z=1,t=1for
2D plots
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(@) a=05,3=05,v=09,65=0.15

X

0 10 20 30 40 50 o0

—a=05p=05y=009,5=0.15
o 0=0.6,p=067=09,5=0.15
=09, =09, y=009,5=0.15

(C) Effect of fractional orders «, 3, v and §

14
2.5%10
14
2.%x10
14
#1.5%x10
14
1. x10
13
5. %10

€ a=1,8=1,7=1,6=1

u

(b)a=1,8=1,y=1,6=1

10
X

(d)a=058=05v=09,5§=0.15
1000 1

500 ;

0 ';.. T T T 1

10 RO 30 40 50
-500 - X

-1000 -

-1500 ;

—a=05p=05y=09,5=0.15
o 0=0.6,=0.6,vy=09, §=0.15
=09, p=09,y=0.9,5=0.15

(f) Effect of fractional orders «, 3, v and 6
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Fig.3 Wave profiles of
family 3 representing a—c
for solution (32) and d—f for
solution (33) with g =1,
I1=2,ki=1,kr =1,
ks==2,p=1,m=2,

y =1,z =1 for 3D plots
andy=1,z=1,t=1for
2D plots

(@) a=05,8=05v=09,6=0.15 b)a=1,8=1,v=1,6=1
12000 4 i
10000 -
8000 | : —
u 6000 - : 6000
: 5000-
2000 : u 30007
1 , . 2000
T e 1 s
_ i 07
2000 X -1000-
—a=050=057=09,8=0.15 1 I 46
=06, B=0.6,y=0.9, 5=0.15 2 o0
a=0.9, =09, v=09, 6=0.15
(C) Effect of fractional orders o, 3, v and & (d) a=0.5 6=05v=0.9,6=0.15
3000 '
2000 : .
1000 7 ; :
10000+ 0 |t — l — “
8000 ~1000 ] 10 ] 20 30
6000 =2000 1 x
% 0004 u —3000 -
] -4000
1 -5000
0
1047 T3 10 —a=0.5p=057y=09,8=0.15
a2 =06, p=0.6,7=0.9,8=0.15
g x 0=09, =09, y=09, §=0.15
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Fig. 4 Wave profiles of
family 4 representing a—c
for solution (34) and d—f for
solution (35) with g =1,
I1=2,ki=1,kr =1,
ks==2,p=1,m=2,

y =1,z =1 for 3D plots
andy=1,z=1,t=1for
2D plots

J, k are unit vectors along x, y, z directions, respec-

(@) a=058=05+v=09,6=0.15
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-15000
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(C) Effect of fractional orders «, 3, v and ¢
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tively. The - between K and r stands for the scalar prod-

uct of two vectors. The relation between w and vector
K is called the dispersion relation and is represented

as follows
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u 8000

D(w, K) = 0,
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(41)

where D is the real function of w and K. Such a relation,
in general, is satisfied by certain w, K € C. This equa-

tion can be solved explicitly in terms of a real parameter
o by means of the following condition
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Fig. 5 Wave profiles of
families 5 and 6
representing a—c for
solution (36) and d—f for
solution (37) with ug = 1,
I=0,ki =1, kx=1,
kxy=-2,p=1,m=2,

y =1,z =1 for 3D plots
andy=1,z=1,t =1 for
2D plots
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d(K) = d(ky, ky, k) € C, ky, ky, k; € R. (42)

Then, the solution of the dynamical equation can be
written as follows

¥ (x,y,z,t; K) = Re[A(K)e! @ KDy (43)

The phase and group velocities from dispersion are
defined as follows

K Red(K)
K2
ve(K) =Vk Red(K),

v, (K) =

(44)

where V denotes gradientand [K| = /kZ + k2 + k2.

Equation (43) shows that ¢ (x, y, z, t; K) is oscillat-
ing sinusoidally in space with a wavelength A = |2Tﬂ’
and with time, the sinusoidal variation depends on
whether the frequency w is real or imaginary. Thus,

w(K) = o (K) +i w;i (K), (45)

where w,(K) = Re(w) and w;(K) = Im(w). If
w; > 0, y(K) = w; is the time-damping factor. Now,
consider linearised form of Eq. (4) as given by

4 aF (3% N *F (9%u 3
axB \ ar¢ dx38 \ 37°
The sinusoidal solution for the linear system of
Eq. (46) is given by

9% u

i((:)t—K-I‘), (47)

ulx,y,z,1) =Ae
where A is the amplitude of u. Substituting Eq. (47)
into Eq. (46) and using Fourier transform for fractional-
order derivative terms [49] with RL fractional deriva-
tive (38) gives

(—4G@)* (—iky)P + (—ik) P (—iky)’ + 3(—iky)?)

A @K =, (48)
Solving Eq. (48) for », we get
» = (w)"/*, (49)

1 .
w0 = 7 (=D k2P (cos (61) + i sin (61))

@ Springer

+3 (=127 P k27 k, P (cos (6) + i sin (92)))

O =1/2QB8+8—a)m,6b=1/22y —B—a) .

The expressions for phase and group velocities using
dispersion relation are given by

ki +kyj4k,k

K — I/Ot’
vp(K) RN (@o)
A ad A 0 N
K) = 1/a % o da s = l/ak.
vg (K) kawo i+ 8kywo J+ 8kzwo

(50)

Thus, magnitude for phase and group velocity com-
ponents are given as follows

&~ gl
[vpl =
ke + k)% + k2
(@)~ Ve gy (/)1
|Ug| -z - @@
o
w? +36 (=D 2Pk Yy 2k 2P (cos(262) + i sin(262))
ky?
1/2
(—1)*B+28 | 4B 2852 (cos (26,) + i sin (201)) /
+ k72 s
(51)
where

w0 = ki QED?PP k2P Bk’ (cos (61) + i sin (61))

3 (=D?" P2 kTP B (cos (62) + i sin (62))) .
(52)

Equation (51) shows that |v,| is not constant; this
shows that medium is dispersive. The group velocity
and phase velocity magnitudes are plotted in Fig. 6 for
different values of «, 8, ¥ and §. It has been noticed
that the imaginary part of phase velocity is greater than
the imaginary part of group velocity for « = 0.75,
B =04,y = 09 and § = 0.6 values. It implies
that the sinusoidal waves with large wavelength travel
faster than the waves with smaller wavelength. Thus,
it suggests the normal dispersion of waves. In contrast,
the real part of group velocity is greater than real part
of phase velocity for the same set of parameters; thus,
it indicates the anomalous dispersion of waves. The
relation given in Eq. (51) is not linear in ky, ky and
k.; thus, it suggests that wave packet gets distorted in
shape.
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Fig. 6 Comparison between phase and group velocities with
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5 Conclusion

The paper successfully applied the improved
F-expansion method for finding exact solutions of
(3 4+ 1)-dimensional space-time fractional potential
YTSF equation. The solutions are obtained in terms of
hyperbolic, trigonometric and rational functions, and
further, the effect of fractional-order parameters on the
wave profile of solutions is described in terms of 2D
and 3D plots. The solutions possess kink, periodic and
singular wave profiles. The linear analysis describes
the dependence of anomalous and normal dispersion
of waves on different values of fractional orders.
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Appendix

Formulation of space—time fractional potential YTSF
Eq. (4)

The Lagrangian [3,24] for the potential YTSF Eq. (3)
can be obtained as follows

L(“X? My, Uz, Uty Uxx, MXZ)

=2u u; + Euxx“xz — Eui — ujzcuz. (53)

Similarly, the Lagrangian for space—time fractional
Eq. (4) is obtained as follows

F(DPu, DYu, Du, D*u, D¥u, DY Du)
1
=2D§qu‘u+§D§ﬂuD§‘Dfu
3 Y. N\2 2 é
=5 (DY) — (DPu)*Dlu, (54)

where D’ DY, D¢, DY, D?P denote the fractional
o B o 928 .
derivatives 2, 2 000 respectively. The

functional for Eq. (4) can be written as follows

Jr(u) = / (dx)? / (dy)” / (dz)° f (dn)*
R R R R

-F(DPu, D}u, D2u, D¥u, D?Pu, DP Dz{53)

The variation of functional for Eq. (55) is given by
using the method given in [4,5,24] and is obtained as
follows

Adr(u) = / (dv)” / (dy) / ()’ / (dn)®
R R R R

oF AD%u + oF ADP
. u u
aDfu ' gpfy

+ oF ADYu + F AD?
—_— , U u
aDYu~ ' aDlu ¢

OF

BD,%/SM

_|_

OF
AD¥Pu + ﬂ—ADngu:|,

dDy Ddu
(56)

where [7(dt)/ f(r) = j [/ d(r)(t — T)7 f (7). Using
the fractional integration by parts

b ‘ ,
/ d2)! f(2)Dy8(2)

b ) .
=Ira+) [g(Z)f(Z)IZ —/ d(Z)"g(Z)Déf(Z)],

a

f(2),¢(Z) € a, b], (57)

we can obtain

AJp(u) = / (dx)? f (dy)” / (dz)° f (dn)*
R R R R
oF oFr
[t (o)
dDf'u BD)’?M
Y oF S oF
Dy (aD§u> D <8D§u>
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DPy * 2\ opf Diu
(58)

Optimising the variation Eq. (56), AJr (1) = 0, we
can obtain the Euler-Lagrangian equation for Eq. (4)

as follows
oF oF oF
Yu aDYu 0Dy u

D5< oF )—i—Dzﬁ oF
“\0D%u * \ap*u

IF
aDf Déu

+DfD? =0. (59)

Substituting Eq. (54) into Eq. (59), we obtain space—
time fractional potential YTSF Eq. (4) as follows

4£(3‘"_“>+ﬁ(38_”>+3
axB \ 9rv ax3f \ 979
+4 (*ﬁ) (ﬂ (35_”»
axp axB \ 978
w2 () () =0
ax2pP R '
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9%y
dy2y
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