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Abstract The symmetry method is developed to
study space–time fractional nonlinear partial differen-
tial equations. Also, theNoether operators are extended
for determining the conservation laws by application to
some physically significant space–time fractional non-
linear partial differential equations.
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1 Introduction

Fractional calculus developed as an exciting and one
of the best tools for studying various models in sci-
ence, engineering and mathematics. Many authors are
devoted to the interpretation, properties and applica-
tions of fractional calculus [1–21]. The physical phe-
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nomena successfully modeled by using fractional cal-
culus include viscoelasticity, fluid mechanics, anoma-
lous diffusion, continuous-time random walk pro-
cesses, long-range interactions, long-term behaviors,
power laws, allometric scaling laws and fractal media
[22–37]. Fractional differential equations (FDEs) have
been increasingly studied by many researchers work-
ing in various fields of science [38–43]. A range of
fractional partial differential equations (FPDEs) [44–
50] with only time derivative of fractional order have
been studied by using the Lie symmetry method. In
our recent study [51], the symmetry approach has been
extended for systems of time fractional partial differen-
tial equations (PDEs). But to the best of our knowledge,
the symmetry method has not been introduced for anal-
ysis of theFPDEswith both space and timederivative of
fractional order. However, a few authors [52] discussed
the symmetry analysis of space–time fractional PDEs
only considering their invariance under the Lie group
of scaling transformations. In this study, the required
prolongation formulae are derived to execute the com-
plete group classification of the space–time fractional
PDEs.

The symmetries and conservation laws provide a lot
of information about the systems modeled by the dif-
ferential equations. The symmetries are useful in deter-
mining exact solutions and conservation laws of differ-
ential equations. Despite the importance of conserva-
tion laws in investigating integrability, internal proper-
ties and proving existence and uniqueness of solutions
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of differential equations [53–55], the conservation laws
for fractional-order PDEs are not widely discussed.
The generalizations of Noether’s theorem have been
presented [56,57] to find conservation laws for FDEs.
Recently, the fractional generalized Noether operators
are proposed [55] for time fractional PDEs not having
Lagrangians to find conservation laws using new con-
servation theorem [58]. Although a few works [59–61]
dealing with conservation laws of time fractional PDEs
can be noticed, the investigation of conserved vectors
for the space–time fractional PDEs is completely unex-
plored. The main aim of this study is to provide the Lie
symmetrymethod and generalization ofNoether opera-
tors for symmetry analysis as well as conservation laws
of the space–time fractional nonlinear PDEs.

The efficiency of the proposed approach is proved
through following space–time fractional nonlinear
PDEs:

1. The space–time fractional Gilson–Pickering
(STFGP) equation

∂αu

∂tα
+ a

∂βu

∂xβ
− buxuxx − uuxxx = 0, (1)

2. The space–time fractional generalized Korteweg–
de Vries (STFgKdV) equation

∂αu

∂tα
+ ∂βu

∂xβ
+ 6cu3x + 18cuuxuxx + 3cu2uxxx = 0,

(2)

where 0 < α, β < 2. The well-known KdV equation
was derived from the propagation of dispersive shallow
water waves and used for modeling many phenomena
such as shock wave formation, solitons, turbulence and
mass transport [62–65]. The time fractional KdV equa-
tion has been discussed widely in literature by several
techniques [66–69]. Here, the fractional generalized
KdVequation is considered [70,71]withm = 1, n = 3
and both space and time derivatives of fractional order.
Also, the Gilson–Pickering equation has some impor-
tant applications in nonlinear physics and has been
studied for its behavior and exact traveling wave solu-
tions [72–74]. In this work, the space–time fractional
Gilson–Pickering equation is discussed.

The paper is organized as follows. In Sect. 2, the
Lie symmetry method is developed for studying the
space–time fractional PDEs. Section 3 deals with the

symmetry analysis of the STFGP Eq. (1). Also, its non-
linear self-adjointness and conservation laws are dis-
cussed. Section 4 is devoted to the symmetry analysis,
nonlinear self-adjointness and conservation laws of the
STFgKdV Eq. (2). The last Sect. 5 consists of the con-
clusion of entire study.

2 Symmetry analysis for space–time fractional
partial differential equations

Consider a space–time fractional PDE with two inde-
pendent variables given in the following form:

F(x, t, u, ∂α
t u, ∂β

x u, uxx , uxxx , ...) = 0,

α > 0, β > 0, (3)

where subscripts denote the partial derivatives and
fractional derivatives are considered in the Riemann–
Liouville sense defined below:

Definition The Riemann–Liouville fractional deriva-
tive of a function u(x, t), for α > 0, is defined as fol-
lows [43,51]:

Dα
t u = ∂αu

∂tα

=

⎧
⎪⎨

⎪⎩

1
�(n−α)

∂n

∂tn

t∫

0
(t − s)n−α−1u(x, s)ds, n − 1<α<n ∈ N,

∂nu
∂tn , α = n ∈ N,

(4)

where �(z) is the standard Euler’s Gamma function.

The admitted one parameter Lie group of transforma-
tions has the symmetry generator in the following form:

X = ξ(x, t, u)∂x + τ(x, t, u)∂t + η(x, t, u)∂u, (5)

such that the prolonged generator can be defined as
follows:

pr(α,β,i)X = X + ηα,t∂∂α
t u + ηβ,x∂

∂
β
x u

+η2x∂u2x + ... + ηi x∂uix , (6)

where i is the order of the FPDE (3) and uix = ∂ i u
∂xi

.

The operators η j x are j th ( j = 2, 3, ..)-order extended
symmetry operators [53] and (ηα,t , ηβ,x ) are fractional
extended operators defined as follows:
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ηα,t = Dα
t (η) + ξDα

t (ux ) − Dα
t (ξux ) + Dα

t (u(Dtτ))

−Dα+1
t (τu) + τDα+1

t (u),

ηβ,x = Dβ
x (η) + Dβ

x (u(Dxξ)) − Dβ+1
x (ξu) + ξDβ+1

x (u)

+τDβ
x (ut ) − Dβ

x (τut ),

ηxx = Dx(η
x ) − uxxDx(ξ) − uxtDx(τ ),

ηxxx = Dx(η
xx ) − uxxxDx(ξ) − uxxtDx(τ ),

... (7)

where the symbols Dt,Dx denote the total derivative
operators defined by

Dt = ∂t + ut∂u + utt∂ut + uxt∂ux + · · · ,

Dx = ∂x + ux∂u + uxx∂ux + utx∂ut + · · · .
(8)

In view of the generalized Leibnitz rule [43] and
the generalized chain rule [43,75], direct calculation
implies the extended symmetry operator ηβ,x can be
introduced in the following form:

ηβ,x = ∂β
x η + (ηu − βDx(ξ)) ∂β

x u − u∂β
x ηu

+
∞∑

n=1

[(
β

n

)

∂nx ηu −
(

β

n + 1

)

Dn+1
x (ξ)

]

Dβ−n
x (u)

−
∞∑

n=1

(
β

n

)

Dn
x (τ )Dβ−n

x (ut ) + μβ, (9)

where

μβ =
∞∑

n=2

n∑

m=2

m∑

k=2

k−1∑

r=0

[(
β

n

)(
n

m

)(
k

r

)
1

k!
xn−β

Γ (n − β + 1)

×(−u)r
∂m

∂xm
(uk−r )

∂n−m+kη

∂xn−m∂uk

]

. (10)

Equivalently, the αth-order extended infinitesimal ηα,t

can be written as follows [44–46]:

ηα,t = ∂α
t η + (ηu − αDt(τ ))∂α

t u − u∂α
t ηu

+
∞∑

n=1

[(
α

n

)

∂nt ηu −
(

α

n + 1

)

Dn+1
t (τ )

]

Dα−n
t (u)

−
∞∑

n=1

(
α

n

)

Dn
t (ξ)Dα−n

t (ux ) + μα, (11)

where

μα =
∞∑

n=2

n∑

m=2

m∑

k=2

k−1∑

r=0

[(
α

n

)(
n

m

)(
k

r

)
1

k!
tn−α

Γ (n − α + 1)

×(−u)r
∂m

∂tm
(uk−r )

∂n−m+kη

∂tn−m∂uk

]

. (12)

The invariance criterion for the FPDE (3) can bewritten
as follows:

pr(α,β,i)X (
)

∣
∣
∣

=0

= 0, (13)

where 
 = F(x, t, u, ∂α
t u, ∂

β
x u, uxx , uxxx , ...).

Hence, using this extended approach, the symme-
try analysis of the space–time fractional PDEs can be
easily investigated.

3 The STFGP equation

In this section, the STFGP Eq. (1) is considered for
its symmetry analysis followed by the investigation of
conserved vectors.

3.1 Symmetry analysis

For generator X given by (5), the third-order prolonga-
tion pr(α,β,3)X for FPDE (1) gives the following invari-
ance criterion:

[ηα,t + aηβ,x − bηxuxx − buxη
xx

−ηuxxx − uηxxx ]
∣
∣
∣
(1)

= 0. (14)

Substituting the extended infinitesimals and equating
the coefficients of alike partial derivatives, fractional
derivatives and powers of u, the set of determining
equations can be obtained as follows:

ξt = ξu = 0,

τx = τu = 0,

ατt − βξx = 0,

ηuu = 0,

η = u(3ξx − ατt ),
(

α

n

)

∂nt ηu −
(

α

n + 1

)

Dn+1
t τ = 0, ∀n ∈ N,

(
β

n

)

∂nx ηu −
(

β

n + 1

)

Dn+1
x ξ = 0, ∀n ∈ N,

∂α
t η − u∂α

t ηu + a(∂β
x η − u∂β

x ηu) − uηxxx = 0.

(15)

Solving these equations, the resulting group infinitesi-
mals are as follows:

ξ=c1x

β
+c2, τ=c1t

α
+ c3, η = c1u

(
3 − β

β

)

,

(16)
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where c1, c2 and c3 are arbitrary constants. Since there
are fractional derivatives with respect to both x and t ,
the invariance of the fixed lower limit of the integral of
the type (4) gives the following conditions:

ξ(x, t, u)|x=0 = 0, τ (x, t, u)|t=0 = 0. (17)

Thus, the corresponding infinitesimal generator can be
written as follows:

X = x

β

∂

∂x
+ t

α

∂

∂t
+ u

(
3 − β

β

)
∂

∂u
. (18)

Solving the associated characteristic equations gives
the following similarity solutions:

z = xt−
α
β , u = t

α(3−β)
β F. (19)

Before finding the symmetry reductions, let us intro-
duce the left-hand-sided Erdélyi–Kober fractional dif-
ferential operator [31,52] in the following form:

(
Pζ,α

δ h
)

(z) :=
⎛

⎝
m−1∏

j=0

(

ζ + j− 1

δ
z
d

dz

)
⎞

⎠ (Kζ+α,m−α
δ h)(z),

m =
{

[α] + 1 if α /∈ N,

α if α ∈ N,
z > 0, δ > 0, α > 0,

(20)

where(
Kζ,α

δ h
)

(z)

:=

⎧
⎪⎨

⎪⎩

1
Γ (α)

∞∫

1
(s − 1)α−1s−(ζ+α)h(zs

1
δ )ds if α > 0,

h(z) if α = 0,

(21)

is the left-hand-sided Erdélyi–Kober fractional inte-
gral operator. Also, we introduce the right-hand-sided
Erdélyi–Kober fractional differential operator [31,52]
as follows:

(
Dζ,β

δ h
)

(z) :=
⎛

⎝
m∏

j=1

(

ζ + j+ 1

δ
z
d

dz

)
⎞

⎠ (Iζ+β,m−β
δ h)(z),

m =
{

[β] + 1 if β /∈ N,

β if β ∈ N,
z > 0, δ > 0, α > 0,

(22)

where
(
Iζ,β

δ h
)

(z)

:=

⎧
⎪⎨

⎪⎩

1
Γ (β)

1∫

0
(1 − s)β−1sζ h(zs

1
δ )ds if β > 0,

h(z) if β = 0,

(23)

is the right-hand-sided Erdélyi–Kober fractional inte-
gral operator.

By the definition of Riemann–Liouville fractional
derivative, the αth-order fractional derivative of u(x, t)

= t
α(3−β)

β F(z) with respect to t for n − 1 < α < n
(n ∈ N) is given by

∂αu

∂tα
=

∂n

∂tn

[
1

Γ (n−α)

∫ t

0
(t−s)n−α−1s

α(3−β)
β F(xs− α

β )ds

]

.

(24)

Taking w = t
s , it can be written in the following form:

∂αu

∂tα
= ∂n

∂tn

⎡

⎣
tn−α+ α(3−β)

β

Γ (n − α)

∫ ∞

1
(w − 1)n−α−1

×w
−(n−α+1+ α(3−β)

β
)F(zw

α
β )dw

]

,

= ∂n

∂tn

[

tn−α+ α(3−β)
β

(

K1+ α(3−β)
β

,n−α

β
α

F

)

(z)

]

,

(25)

where the operator
(
Kζ,α

δ

)
is defined by (21). The rela-

tion (25) is also true for α = n = 1, 2, 3, ... because(
Kζ,0

δ F
)

(z) = F(z). For z = xt−
α
β and a function

ψ(z) ∈ C1(0,∞), the following relation holds:

t
d

dt
ψ(z) = −α

β
z
d

dz
ψ(z). (26)

It follows that (25) can be written as follows:

∂αu

∂tα
= ∂n−1

∂tn−1

[

tn−α−1+ α(3−β)
β

×
(

n − α+α(3 − β)

β
−α

β
z
d

dz

)(

K1+ α(3−β)
β

,n−α

β
α

F

)

(z)

]

,

= · · ·

= t
−α+α

(
3−β
β

) n−1∏

j=0

(

1 − α + α

(
3 − β

β

)

+ j − α

β
z
d

dz

)

×
(

K1+ α(3−β)
β

,n−α

β
α

F

)

(z),

= t
−α+α

(
3−β
β

) (

P1−α+ α(3−β)
β

,α

β
α

F

)

(z), ∀α > 0, (27)

where
(
Pζ,α

δ

)
is the left-hand-sided Erdélyi–Kober

fractional differential operator defined by (20).
In the similar manner, the βth-order Riemann–

Liouville fractional derivative with respect to x can be
given as follows:
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∂βu

∂xβ
= t

α(3−β)
β x−β

(
D−β,β

1 F
)

(z), ∀β > 0, (28)

where
(
Dζ,β

δ

)
is the right-hand-sided Erdélyi–Kober

fractional differential operator defined by (22).
Hence, the STFGP Eq. (1) is reduced to the non-

linear fractional ordinary differential equation (FODE)
for α, β > 0 written as follows:
(

P1−α+ α
β
(3−β),α

β
α

F

)

(z) + az−β
(
D−β,β

1 F
)

(z)

− bF ′(z)F ′′(z) − FF ′′′(z) = 0.

(29)

Next step is to find the conserved vectors with the
help of the obtained Lie symmetries. Before that the
nonlinear self-adjointness of the STFGP Eq. (1) is
investigated in next subsection.

3.2 Nonlinear self-adjointness

The concept of nonlinear self-adjointness [76] for
integer-order PDEs was proposed for calculating the
conservation laws by using new conservation theo-
rem [58]. Recently, the nonlinear self-adjointness of a
few time fractional PDEs [55,60,61] has been studied.
Here, this concept is extended to the space–time frac-
tional PDEs by its application to the STFGP Eq. (1).
A formal Lagrangian [58] for the FPDE (1) is given by

L = v(x, t)(∂α
t u + a∂β

x u − buxuxx − uuxxx ), (30)

where v(x, t) is a new dependent variable. The adjoint
equation of the STFGP Eq. (1) is defined by

F∗ ≡ δL
δu

= 0, (31)

where δ
δu is the Euler–Lagrange operator defined as

follows:

δ

δu
= ∂

∂u
+ (Dα

t )∗ ∂

∂(Dα
t u)

+ (Dβ
x )∗ ∂

∂(Dβ
x u)

+
∞∑

k=1

(−1)k Di1Di2 , . . . , Dik
∂

∂ui1i2,...,ik
.

(32)

Here (Dα
t )∗ and (Dβ

x )∗ are the adjoint operators
of Riemann–Liouville fractional differential operators
Dα
t and Dβ

x , respectively, given as follows:

(Dα
t )∗ = (−1)n I n−α

p (Dn
t ) = C

t
Dα

p,

(Dβ
x )∗ = (−1)m Im−β

q (Dm
x ) = C

x
Dβ
q ,

(33)

where I n−α
p and Im−β

q are the right-hand-sided frac-
tional integral operators of order n − α and m − β,
respectively, defined as follows:

I n−α
p f (x, t) = 1

Γ (n − α)

∫ p

t

f (x, s)

(s − t)1+α−n
ds, (34)

where n = [α] + 1,

Im−β
q f (x, t) = 1

Γ (m−β)

∫ q
x

f (s,t)
(s−x)1+β−m ds,

(35)

where m = [β] + 1.

Also C
t
Dα

p ,
C

x D
β
q are the right-hand-sided Caputo

fractional differential operators [43] of order α and β,
respectively.

According to (30) and (31), the adjoint equation of
FPDE (1) can be obtained as follows:

F∗ ≡ (Dα
t )∗v + a(Dβ

x )∗v
+ (3 − b)(uxvxx + uxxvx ) + uvxxx = 0.

(36)

For nonlinear self-adjointness of Eq. (1), the Eq. (36)
should be satisfied for all the solutions of Eq. (1) with
the following substitution

v = φ(x, t, u), where φ(x, t, u) �= 0. (37)

The derivatives of (37) are given by

vx = φx + φuux ,

vxx = φxx + 2φxuux + φuuxx + φuuu
2
x ,

vxxx = φxxx + 3φxxuux + 3φxuuu
2
x + 3φxuuxx

+ 3φuuuxuxx + φuuxxx + φuuuu
3
x .

(38)

Substituting (37) and (38) in the expression (36) gives
the following condition for nonlinear self-adjointness:

(Dα
t )∗φ + a(Dβ

x )∗φ + (3 − b) (φxuxx + φxxux

+2φuuxuxx + 2φxuu
2
x + φuuu

3
x

)

+ u
(
φxxx + 3φxxuux + 3φxuuu

2
x + 3φxuuxx

+3φuuuxuxx + φuuxxx + φuuuu
3
x

)

= λ(∂α
t u + a∂β

x u − buxuxx − uuxxx ),

(39)

with regular undetermined coefficient λ. Comparing
the coefficients and solving includes the following con-
dition:

(b − 3)φx = 0, (40)

which splits into the following two cases:
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Case 1 b = 3
In this case, the solution of (39) can be obtained as
follows:

φ = A1(t)x
2 + B1(t)x + C1(t) and λ = 0, (41)

where A1(t), B1(t), C1(t) are arbitrary functions of t
such that the following holds:

x2
(
C
t
Dα

p A1(t)
)

+ x
(
C
t
Dα

p B1(t)
)

+
(
C
t
Dα

pC1(t)
)

+ a
[
A1(t)

(
C

x
Dβ
q x

2
)

+ B1(t)
(
C

x
Dβ
q x

)]
= 0.

(42)

The values of
(C
x D

β
q x

)
and

(C
x D

β
q x2

)
depend on β

leading to the subcases given below:

Subcase 0 < β < 1
In this subcase, using the values of right-hand-sided

Caputo fractional derivatives
(C
x D

β
q x

)
and

(C
x D

β
q x2

)

in (42) gives the following solution:

A1(t) = 0 = B1(t), C1(t) = a1, (43)

where a1 is an arbitrary constant. Then from (37), the
result is of the form:

v = a1. (44)

Subcase 1 < β < 2

In this subcase, using the values of
(C
x D

β
q x

)
and

(C
x D

β
q x2

)
in (42) implies the following:

A1(t) = 0, B1(t) = a2, C1(t) = a3, (45)

such that the following solution of v(x, t) is obtained:

v = a2x + a3, (46)

where a2 and a3 are arbitrary constants.

Case 2 b �= 3, φx = 0
In this case, solution v(x, t) is obtained as follows:

v = a4, (47)

where a4 is an arbitrary constant.
These solutions of v(x, t) are substituted in the for-

mal Lagrangian (30) for the construction of conserved
vectors in next subsection.

3.3 Conservation laws

In this section, the conservation laws for the STFGP
Eq. (1) are obtained using the Lie symmetry genera-
tor (18). It is well known that a vector (Ct ,Cx ) that
satisfies the equation given by

Dt (C
t ) + Dx (C

x )|(1) = 0, (48)

is called the conserved vector. The existence of frac-
tional derivatives of both independent variables x and t
indicates the requirement of the fractional generaliza-
tion of the Noether operators. The fractional Noether
operator for the variable t is given by [55,59,60]

Ct =
n−1∑

k=0

(−1)k Dα−1−k
t (W )Dk

t

(
∂L

∂(Dα
t u)

)

− (−1)n J

(

W, Dn
t

(
∂L

∂(Dα
t u)

))

,

(49)

where n = [α] + 1, W = η − ξux − τut is the Lie
characteristic function for generator X = ξ∂x + τ∂t +
η∂u and J is the integral defined by

J ( f, g) = 1

Γ (n − α)

∫ t

0

∫ p

t

f (x, s)g(x, r)

(r − s)α+1−n
drds,

(50)

for any two functions f (x, t) and g(x, t).
Equivalently, the fractional Noether operator for the
component x of the conserved vector is introduced as
follows:

Cx =
m−1∑

k=0

(−1)k Dβ−1−k
x (W )Dk

x

(
∂L

∂(Dβ
x u)

)

− (−1)n J1

(

W, Dm
x

(
∂L

∂(Dβ
x u)

))

,

(51)

where m = [β] + 1 and J1 is the integral defined by

J1( f, g) = 1

Γ (m − β)

∫ x

0

∫ q

x

f (s, t)g(r, t)

(r − s)β+1−m
drds.

(52)

Here, for the symmetry X given by (18), the function
W is of the form

W=u

(
3−β

β

)

− x

β
ux− t

α
ut . (53)

Firstly, the conservation laws are obtained for the
solution (44) of variable v(x, t). Substituting the
Lagrangian (30) in (51) using (44) with a1 = 1 , the x
component of the conserved vector can be obtained as
follows:

Cx=a

[(
3−β

β

)

I 1−β
x (u)− 1

β
I 1−β
x (xux )− t

α
I 1−β
x (ut )

]

.

(54)

Also, the t component of the conserved vector is
obtained in the following form:
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case 0 < α < 1

Ct =
[(

3−β

β

)

I 1−α
t (u)− x

β
I 1−α
t (ux )− 1

α
I 1−α
t (tut )

]

.

(55)

case 1 < α < 2

Ct =
[(

3−β

β

)

Dα−1
t (u)− x

β
Dα−1
t (ux )− 1

α
Dα−1
t (tut )

]

.

(56)

Note that the conservation lawswith the fractional com-
ponents Cx and Ct are obtained in terms of Riemann–
Liouville fractional derivative operators and do not
involve the integrals (50) and (52). The fractional con-
served vectors for the remaining solutions of v(x, t)
are calculated as follows:

In case of (46), the x component of the conserved
vector is as follows:

Cx = a(a2x + a3)

×
[(

3 − β

β

)

Dβ−1
x (u) − 1

β
Dβ−1
x (xux ) − t

α
Dβ−1
x (ut )

]

−aa2

[(
3 − β

β

)

I 2−β
x (u) − 1

β
I 2−β
x (xux ) − t

α
I 2−β
x (ut )

]

.

(57)

Thus, corresponding to the constants a2 and a3, the lin-
early independent components of the conserved vector
with respect to x are given as follows:

Cx
a2

= ax

[(
3 − β

β

)

Dβ−1
x (u) − 1

β
Dβ−1
x (xux ) − t

α
Dβ−1
x (ut )

]

−a

[(
3 − β

β

)

I 2−β
x (u) − 1

β
I 2−β
x (xux ) − t

α
I 2−β
x (ut )

]

,

(58)

and

Cx
a3 = a

[(
3 − β

β

)

Dβ−1
x (u)

− 1

β
Dβ−1
x (xux ) − t

α
Dβ−1
x (ut )

]

. (59)

For 0 < α < 1, the t component of conserved vector
for constant a2 is of the following form:

Ct
a2

= x

[(
3−β

β

)

I 1−α
t (u)− x

β
I 1−α
t (ux )− 1

α
I 1−α
t (tut )

]

,

(60)

and the component Ct
a3 coincides with vector (55).

For 1 < α < 2, the t component for a2 is obtained as
follows:

Ct
a2

= x

[(
3 − β

β

)

Dα−1
t (u)− x

β
Dα−1
t (ux )− 1

α
Dα−1
t (tut )

]

,

(61)

and the component Ct
a3 is same as vector (56).

In case of (47), the conserved vector has the following
components:

case 0 < β < 1

The obtained x component of conserved vector is coin-
cident with (54).

case 1 < β < 2
In this case, the x component of the conserved vector
coincides with vector (59).

case 0 < α < 1
The t component of conserved vector in this case is
coincident with (55).

case 1 < α < 2
The obtained t component coincides with vector (56).

4 The STFgKdV equation

In this section, the Lie symmetries and conservation
laws of the STFgKdV Eq. (2) are calculated systemat-
ically.

4.1 Symmetry analysis

The invariance of the FPDE (2) under the admitted Lie
group of transformations gives the following criterion:
[
ηα,t+ηβ,x+18cu2xη

x + 18cηuxuxx+18cuuxxη
x

+18cηxxuux + 6cηuuxxx + 3cu2ηxxx
] ∣
∣
∣
(2)

= 0.

(62)

Inserting the extended symmetry operators and equat-
ing the coefficients, the set of determining equations
can be obtained. Solving the determining equations,
the infinitesimals can be derived in the following form:

ξ = c1x

β
, τ = c1t

α
, η = c1u

2

(
3

β
− 1

)

, (63)
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where c1 is an arbitrary constant. The corresponding
symmetry generator is given by

X = x

β
∂x + t

α
∂t + u(3 − β)

2β
∂u, (64)

such that the symmetry invariants can be easily calcu-
lated as follows:

z = xt
−α
β , u = t

α(3−β)
2β F. (65)

The above invariants are used for the reduction of the
FPDE (2) into a nonlinear FODE given as follows:
(

P1−α+ α
2β (3−β),α

β
α

F

)

(z) + z−β
(
D−β,β

1 F
)

(z)

+ 6c(F ′(z))3 + 18cFF ′(z)
F ′′(z) + 3cF2F ′′′(z) = 0,

(66)

where
(
Pζ,α

δ

)
and

(
Dζ,β

δ

)
are the left and right-hand-

sided Erdélyi–Kober fractional differential operators
defined by (20) and (22), respectively.

4.2 Nonlinear self-adjointness

A formal Lagrangian for the FPDE (2) can be written
as follows:

L = v(x, t)(∂α
t u + ∂β

x u + 6cu3x
+18cuuxuxx + 3cu2uxxx ). (67)

In view of (31) and (67), the adjoint equation for FPDE
(2) can be calculated as follows:

F∗ ≡ (Dα
t )∗v + (Dβ

x )∗v − 3cu2vxxx = 0. (68)

For nonlinear self-adjointness, assume the value of v

given by

v = φ(x, t, u), where φ(x, t, u) �= 0. (69)

Substituting (69) and its derivatives in (68) gives the
following condition for nonlinear self-adjointness:

(Dα
t )∗φ + (Dβ

x )∗φ − 3cu2

×
(
φxxx + 3φxxuux + 3φxuuu

2
x

+ 3φxuuxx + 3φuuuxuxx + φuuxxx + φuuuu
3
x

)

= λ(∂α
t u+∂β

x u+6cu3x+18cuuxuxx+3cu2uxxx ).

(70)

Equating the coefficients and solving (70) leads to the
following two cases:

case 0 < β < 1: In this case, the value of φ and hence
v is attained as below:

v = a5, (71)

where a5 is an arbitrary constant.

case 1 < β < 2: In this case, v can be obtained as
follows:

v = a6x + a7, (72)

where a6 and a7 are arbitrary constants.
These values of variable v(x, t) are used for inves-

tigating conservation laws for the FPDE (2).

4.3 Conservation laws

For the symmetry generator X given by (64), we have
the following:

W = u

2

(
3 − β

β

)

− x

β
ux − t

α
ut . (73)

For case (71), the x component of the conserved vector
can be calculated in the following form:

Cx=
(
3 − β

2β

)

I 1−β
x (u)− 1

β
I 1−β
x (xux )− t

α
I 1−β
x (ut ).

(74)

The t component of the conserved vector is given in
following cases:

Case 0 < α < 1:

Ct=
(
3−β

2β

)

I 1−α
t (u)− x

β
I 1−α
t (ux ) − 1

α
I 1−α
t (tut ).

(75)

Case 1 < α < 2:

Ct=
(
3 − β

2β

)

Dα−1
t (u)− x

β
Dα−1
t (ux )− 1

α
Dα−1
t (tut ).

(76)

For case (72), the two independent values of v are given
by

v = 1, v = x . (77)

Firstly, in case of v = 1, the component of conserved
vector with respect to x can be obtained as follows:

Cx=
(
3−β

2β

)

Dβ−1
x (u)− 1

β
Dβ−1
x (xux )− t

α
Dβ−1
x (ut ).

(78)
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where for 0 < α < 1, the conserved vector component
for t coincides with (75) and for 1 < α < 2, the t
component of conserved vector coincides with (76).
In case of v = x , the x component of the conserved
vector results in the following form:
Cx

= x

[(
3 − β

2β

)

Dβ−1
x (u) − 1

β
Dβ−1
x (xux ) − t

α
Dβ−1
x (ut )

]

−
[(

3 − β

2β

)

I 2−β
x (u) − 1

β
I 2−β
x (xux ) − t

α
I 2−β
x (ut )

]

.

(79)

In this case, for 0 < α < 1, the t component of con-
served vector is obtained as follows:

Ct = x

[(
3 − β

2β

)

I 1−α
t (u) − x

β
I 1−α
t (ux ) − 1

α
I 1−α
t (tut )

]

,

(80)

and for 1 < α < 2, the t component is calculated as
below:

Ct = x

[(
3 − β

2β

)

Dα−1
t (u)− x

β
Dα−1
t (ux )− 1

α
Dα−1
t (tut )

]

.

(81)

5 Conclusion

In this article, the symmetry approach has been exte-
nded in order to perform Lie symmetry analysis and
find conservation laws for the space–time fractional
nonlinear PDEs. Two illustrative examples, namely
the STFGP equation and the STFgKdV equation, have
been studied by using the symmetry analysis. With the
aid of the new conservation theorem and the general-
ization of the Noether operators, the conservation laws
for each of the equations are obtained successfully.

Acknowledgements Rajesh Kumar Gupta thanks the Uni-
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