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Abstract

In the present paper, we consider the Kropina-Randers change of mth
root Finsler metric. Firstly, we find the fundamental metric tensors of
the Kropina-Randers transformed mth root Finsler metric, and then the
necessary and sufficient condition under which the Kropina-Randers
change of the mth root Finsler metric is locally dually flat. Further, we
prove that the Kropina-Randers change of mth root Finsler metric is
locally projectively flat if and only if it is locally Minkowskian.
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1. Introduction

Let M be an n-dimensiona C* manifold, TM its tangent bundle. Let

1
F=Am be a Finder metric on M, where A is given by

A=ay, i (X)yLy2.-ym with a, i symmetricin all itsindices (3],
[10-12], [14]). Then F is called an mth-root Finsler metric. Suppose that A;

is a positive definite tensor and Al denotes its inverse. For an mth root
metric F, put

2 .
A= AT A T A @
Then the following hold:
1 _
I :mAFl m @)
2-2m
A m
9ij ZT[mAAij +(2-mAA] ®)
. . 1 Em
YA =mA YA =(M-DA;, Y =AM A, 4
ij i Al 1 ij m
AJAjk=5k1AJA1=—m_1yJ,AAjA‘=—m_1A (5)

Let (M, F) beaFinsler manifold. For a1-form B(x, y) = i (x) y' onM, we
have a change of Finder metric, defined by

F(x, y) = F(x, y)= f(F,p), (6)
where f(F, B) is a positively homogenous function of F. This is caled a
B-change of ametric. It is easy to seethat, if | B = SUPE(x, y)=1| B (X) y

< 1, then F isagain aFinser metric [9].
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In this paper, we consider a special case of B-change, namely,

= F2 X,

Fix y) = =g, ™
which we call the Kropina-Randers change. The Randers and Kropina
metrics are closely related to physical theories. These metrics were
introduced by Berwald in connection with a two dimensional Finder space
with rectilinear extrema and were investigated by Kropina and Randers,

respectively ([7], [3])-

The main purpose of the current paper is to investigate the Kropina-
2

_ m
Randers change of an mth-root Finder metric F = AT

5 + B. The paper is

organised as follows:

First we find the fundamental metric tensors and its inverse for Kropina-
Randers change of a Finder space with mth-root metric (see Propositions 2.1
and 2.2). Next we prove that the Kropina-Randers change of an mth root
Finder metric is localy projectively flat if and only if it is locally
Minkowskian (see Proposition 3.1 and Theorem 3.2). Finaly, we find the
necessary and sufficient condition under which the Kropina-Randers change
of an mth-root Finsler metric to be locally dually flat.

2. Fundamental Metric Tensor of Kropina-Randers
Change of mth-root Finder Metric

We consider the Kropina-Randers change of the mth-root metric
1
F = AM given by

F=—H+8. (8)

The differentiation of (8) with respect to yi yields the normalized supporting

element [; given by
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— . — 2
- 2I,BFB2hF b,

Inview of (2), we have

lj = R 52 +

b ©)

Differentiation of (9) with respect to yj yields

I = mZZB3 [mBzF‘m+2A1j —(m- Z)BZF_ZWZAAJ'

— mBF "™ 2(Ab; + Ajly) + mF 2 b;]. (10)
From (9) and (10), we obtain

hj = Flj

P1A] + P2AA; + p3(Aj + Abj) + paybj, (11)

where

oL = 2
mZBZ

(F—m+4 i BZF_m+2),

_Z(m _ 2) (F—2m+4 n F_2m+232)

p =
2 m2B2

-2 _
mB

2 4 2.2
=——(F" + mB“F~).
Pa ml34( BF7)

From (9) and (11), the fundamental metric tensor @j; of Finsler space

(M, F) isgiven by
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Gij = hyj + il
= poAj + p1(BA; +bjA) + pobibj + pa(AA)), (12)
where
0 ml33 )
_ —4F?
P1= mB ’

2 -4 2c2y . (B2 -F?)
- % (F Foy, ¥~ )
P2 mB4( +mB )+ BZ

_2F —2m+2

P3 =m2—[32[(m_4)':2 +p?] (13)

Proposition 2.1. For the Kropina-Randers transformed mth-root Finsler
metric F, the fundamental metric tensor gjj is given by equations (12) and

(13).

The contravariant metric tensor gij of Finsler space (M, F) isgiven by

i1 bbbl 1 g i
o = g A e O ) -0 )
x {pi(bi +ay) = 3b)(b? + kB)}, (14)
0
where

_ 4F2 4 amF1%% + 4mF 53 + m*FOB* + 2mPF %% + mpBF - 16p°
mB*FE4(2F* + F2mp2 + mp?) ’
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5 = [2(4F* + amF1%? + amF&* + mPFE* + 2m?FOp8 + m?p8F*
~168%) (F2 + p2))/[mp?F * M(4p>F 27 4 4pF 107
+ 2mpAE0M 4 AmpBESM 4 omp8E M 4 4p?F12
+ 4mb2F1982 + 4mb?FE% + mPo?RAF8 + 2m?b?pBE®

+ b?m?BeF4 — 160%89)),

| = pi[b2 (2B + mE™] = 8[b* + A(2p + AmF ™) ],
0
in which
-m+4 2--1 3 2 2
po=2Fm (1+B“F ), k=F[(m—4)F +[3]. (15)

2m(m-1)p

Proposition 2.2. For the Kropina-Randers transformed mth-root Finsler

mB3

metric F, the contravariant metric tensor gij is given by equations (14) and
(15).

3. Locally Projectively Flat Metric

A Finsler metric F(x, y) on an open domain U c R" is said to be

locally projectively flat metric if its geodesic coefficients G aein the
following form:

G'(x, y) = P(x, Y)Y, (16)

where P:TU =U x R" - R is positively homogenous with degree one,
P(x, Ay) = AP(X, y), A > 0. Wecall P(x, y) the projective factor of F.

Definition 3.1. A Finder metric F = F(x, y) on an open subset
U < R" isprojectively flat [4] if and only if

kayl yK - Fi=0 (17)
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Now, we have the following lemma.

Lemma 3.1. Suppose that the equation DA + YA+ O =0 holds,
where @, ¥, © arepolynomialsinyand m> 2. Then ® =¥ =0 = 0.

1
Proposition 3.1. Let F = AM be an mth-root Finsler metric on an open

F2
B
is a Kropina-Randers change of F, where B = bj(x) yi. If F isprojectively
flat metric, then it reduces to a Berwald metric.

subset U = R" (n > 3), where Aisirreducible. Supposethat F = — +

2

Proof. Let F = % + B be projectively flat metric. We have

2— 2
F :iATmA —iAEB +B
xK mpB XK 2 xK XK

2-m 2-2m
E.oovkoL2ama, 24220 w0
kayly _B[mA Po + A AOA}
2-m 2-m 2
112 ,— 2 o — 2
_?[EA M APo+ A ™ A+ ATBg — P l30|]

2
¥ B%[Amﬁom ]

From (17), we get

, zZm 2
£ A m _ = AmM
mBA AxI BZA B><I +Bx'

2-m 2-2m
N 4-2m T
lmA ™ At A ™ AA
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2— 2

+Bi{2 ATA|30+£A m A+ ATBg - Bzﬁm}

2

- B%[Aﬁﬁom -0

which implies
2-2m

AT (20720 aom + g - Ay |- 2 aplpo + A

peLm
+ AZ[2opy + BB,y — PPorl] = O

Multiplying by A2, we get

2
A_m[zB (25m) o+ Ay Ay | 2 ABLABG + ]

ps | m
2m-2
+ AC[2BoBy + BB i —BBal+ A ™ B%&] =0
which implies

m

[3 Bz[(Z—Tm)AOA + Mg - AA } -2 AB[ABo + A ]

2m-2
+ A2[2popy + BB,y — PP+ A M 33130&] -0,

By Lemma3.1, we have

mA(Ay — AX|)—(m—2)A3A1 =0.

(18)
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Then, irreducibility of A and deg(A )= m-1< deg(A) impliesthat Ay is

divisible by A. This means that, there is a 1-form @ = 6;y' on U such that

the following holds:

Ay = 2mMA. (29)
Then G' = Pyi, where P = 6. Then F isaBerwad metric. O

1
Theorem 3.2. Let F = AM be an mth-root Finder metric on an open

2

subset U — R" (n > 3), where A isirreducible. Suppose that F = % +B

is a Kropina-Randers change of F, where = b (x) y'. Then F is locally
projectively flat if and only if it islocally Minkowskian.

Proof. By Proposition 3.1, if F is projectively flat, then it reduces to a
Berwald metric.

Now, if n= 3, then by Numata's theorem, every Berwald metric of

non-zero scalar flag curvature K must be Riemannian. This contradicts with
our assumption. Then K =0, and in this case F reduces to a locally

Minkowskian metric. O

4. Locally Dually Flat Metric

The notion of dually flat Riemannian metrics was introduced by Amari
and Nagaoka [1, 2] when they studied the information geometry on
Riemannian manifolds. In Finder geometry, Shen extended the notion of
locally dually flatness for Finsler metrics. Dually flat Finsler metrics form a
special and valuable class of Finder metrics in Finger information geometry,
which plays a very important role in studying flat Finder information
structure. Information geometry has been emerged from investigating the
geometrical structure of the family of probability distributions.
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Definition 4.1. A Finder metric F = F(x, y) on amanifold M" issaid
to be locally dually flat, if at any point there is a standard coordinate system
(xi, yi) in TM such that

[Fz]xkyl yK = 2[F2]X|. (20)

1
Theorem 4.1. Let F = AM be an nth root Finder metric on an open

2
subset U < R", where A is irreducible. Suppose that F = % +p isa

Kropina-Randers change of F, where 8 = b (x) yi. Then F is locally dually
flat if and only if there exists a 1-form 6 = 6;(x) y' on U such that the

following hold:

2B, = ~20B; + Py,
AJB = ~ABo — A,

4BP 1 = —PPor + 2Bobi

where
Bo =B,k Y B =)y, Bo=By andBy =(B)

2
Proof. Let F = % + B bealocally dualy flat Finder metric. We have

4

=2 AM
F —B—Z

2
+2AM 4+ B2,
4m 4
AA™ AL 2AMB 2=m
[FR =5 - S L A AT Ay 4288,
X mB B m X X
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1{4 4-2m

[If]ikyl yk _ B A M AOI :](4 m) A m AOA

2-2m
P ey ¢ A2 2T AOA}

2

4-m 4
B:{“A ™ Ao +—A T A+ ATy —B“Bm}

6 2
+ [B_4 AMBoB) + 2BoBy ]

From (20), we get

4-m 4
AA ™M A 2AMB, 4 M
2 2X — 3X +—AmAX|+2BBX|
mB B m
4-m 42m 2
_ 114 v m 4(4-m “m
_le A A0+ = A A0A+ 4 A BAO

2-2m
4 (2-m) m) m
e pA AOA}

A M A+ A M AP+ AMBg — BBy

> 4m 44m 4
ﬁ3[

4
+ L%% AR + ZBOBI}- (21)
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—-2+2m

Multiplying (21) by A M | we get

(2+m) 8A|
|: 2 AOI

4
AT 3ABo+m—BSAoB|}

mp

2
=l 44 - 8
+Am[ (mzﬁgn)AOA}r A|——A0|J

(2+2m) 2B
4 (2-m) m X 2 6
+ET'A0A1 -A |: [33 B3 B0| + B4 BOB|:|
(2-2m)
+A ™ [48B 1 +BBo — BB ] =0. (22)

Simplifying (22), we get

2

’;—T{Az(zmxl ~ 2Bor + 6By

+»{%—ﬂmzﬂm + 2B apy + & AOBJ
(]
SO NEELIS

(2-2m)

+A ™ (4B +BBo — 2BoPi]=0. (23)

By Lemma 3.1, we have
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PBy = PBBal — PP
4A1B = BAor — ABo — AoBr,

2A) = Ay,
BBy = —PBa + 2Bof (24)
which implies
BB = PBBa — Pobi,
AIB =~ABo — A,
BBy = —PBar + 2B (25)
From (25), we have
BBy —Boi) = —3BoBi- (26)

Equation (26) implies that there existsa 1-form 6 = 6;(x) yi on U such that

Po = OB. (27)
From (27), we get
Boi = OB + PO =B (28)
Substituting (27) and (28) into (26) yields
2B = —20p) +Bo;. (29)
The converse isadirect computation. This completes the proof. O
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